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a phase transition 

Parton model

Global fits

QCD analysis  
+ data

3Dim  TMDs 

Phase 1 Phase 2

first global fit  
of f1(x, k⏊)

Bacchetta et al.,  
JHEP 1706 (17) 081
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a phase transition 
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Explorations

h1

first global fit 
(= lepton-hadron scatt. 
and hadron collisions)   

of PDF h1



=1f
pT

transversity:  a  chiral-odd  PDF 

=1h ��=g
1

=1f h1(x) 

it is a chiral-odd function (flips quark helicity) 
→ needs a chiral-odd partner  
→ suppressed in inclusive DIS

transversity PDF

which channel addresses it at leading twist as a PDF ?

 di-hadron semi-inclusive production 
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  2-hadron-inclusive  production  

Ph

Ph = P1+P2 
2R = P1-P2

quark

ΦR

2RT

correlation ST and RT  → azimuthal asymmetry

Collins, Heppelman, Ladinsky,  
N.P. B420 (94)

H
^
1RT≪Q

Mh
invariant mass
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Ph

Ph = P1+P2 
2R = P1-P2

quark

ΦR

2RT

correlation ST and RT  → azimuthal asymmetry

survives to  
polar  

symmetry  
(  ∫ dPhT  ) 

Ph ‖ k

H
^
1RT≪Q

  2-hadron-inclusive  production  

Mh
invariant mass

framework
collinear

factorization
Collins, Heppelman, Ladinsky,  
N.P. B420 (94)
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e+e−  

H  H↑  

Hadron

lepton

positron

electron

H
^
1

f1 ⇥ h1 ⇥ H
^
1

h1 H
^
1

Ph

Ph = P1+P2 
2R = P1-P2

quark

ΦR

2RT

correlation ST and RT  → azimuthal asymmetry

framework
collinear

factorization

SIDIS 

h1 h2 h1 h2

h1 h2

Hadron

Hadron

H
^
1RT≪Q

  2-hadron-inclusive  production  

Mh
invariant mass

survives to  
polar  

symmetry  
(  ∫ dPhT  ) 

Ph ‖ k
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e+e−  

H  H↑  

Hadron

lepton

positron

electron

H
^
1

f1 ⇥ h1 ⇥ H
^
1

h1 H
^
1 DGLAP evolution 

connects   h1(x,Q) 
& H1

∢(z,Mh,Q)
at different scales Q

Artru & Collins, Z.Phys. C69 (96) 277     
Boer, Jakob, Radici, P.R.D67 (03) 094003 
Matevosyan et al., P.R.D97 (2018) 074019

Jaffe, Jin, Tang, P.R.L.80 (98) 1166  
Radici, Jakob, Bianconi, P.R.D65 (02) 074031 
Bacchetta & Radici, P.R. D67 (03) 094002

Ceccopieri, Radici, Bacchetta, P.L.B650 (07) 81

Bacchetta & Radici, P.R. D70 (04) 094032

SIDIS 

h1 h2 h1 h2

h1 h2

factorized formulas

  2-hadron-inclusive  production  



hadron

lepton

electron

positron

hadron

hadron

h1

advantage  of  2-hadron-inclusive  mechanism  

Dihadron fragmentation 
collinear framework

Collins effect 
TMD frameworkfactorized  

formulas
h2

q

e+e−  

H  H↑  

SIDIS 

hq

✘

✔

✔

✔✔

✔

RT≪Q PhT≪Q
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proton 
deuteron

lepton

positron
π+π−, π+K−, K+K−

electron

π+π−

H
^
1

f1 ⇥ h1 ⇥ H
^
1

h1 H
^
1

exp. data  for  2-hadron-inclusive  production  

hermes

run 2006 (s=200)
Adamczyk et al. (STAR),  
P.R.L. 115 (2015) 242501

Airapetian et al.,  
JHEP 0806 (08) 017

Adolph et al., P.L. B713 (12); P.L. B736 (14)

Braun et al., E.P.J. Web Conf. 85 (15) 02018

Vossen et al., P.R.L. 107 (11) 072004

π+π−

e+e− → (h1 h2) X  SIDIS  l  H↑ → l ’ (h1 h2) X 

H  H↑ → (h1 h2) X   

proton

proton

run 2011 (s=500)
Adamczyk et al. (STAR),  
P.L. B780 (18) 332

Seidl et al., P.R. D96 (17) 032005

AUT (η,Mh,PT)

D1



Seidl et al., P.R. D96 (17) 032005
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proton 
deuteron

lepton

positron
π+π−, π+K−, K+K−

electron

π+π−

H
^
1

f1 ⇥ h1 ⇥ H
^
1

h1 H
^
1

hermes

run 2006
Adamczyk et al. (STAR),  
P.R.L. 115 (2015) 242501

Airapetian et al.,  
JHEP 0806 (08) 017 Braun et al., E.P.J. Web Conf. 85 (15) 02018

Vossen et al., P.R.L. 107 (11) 072004

π+π−

e+e− → (h1 h2) X  SIDIS  l  H↑ → l ’ (h1 h2) X 

H  H↑ → (h1 h2) X   

proton

proton

run 2011
Adamczyk et al. (STAR),  
P.L. B780 (18) 332

 from Montecarlo

exp. data  for  2-hadron-inclusive  production  

D1

AUT (η,Mh,PT)

Adolph et al., P.L. B713 (12); P.L. B736 (14)
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lepton

positron

electron

H
^
1

f1 ⇥ h1 ⇥ H
^
1

h1 H
^
1

first extraction of 
transversity from a  

global fit of these data
(at leading order - LO)

take−away  message

π+π−

proton 
deuteron

π+π−

SIDIS  l  H↑ → l ’ (h1 h2) X 

π+π−

e+e− → (h1 h2) X  

H  H↑ → (h1 h2) X   
proton

proton
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the  kinematics

hermes
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Adamczyk et al. (STAR),  
P.R.L. 115 (2015) 242501

Airapetian et al.,  
JHEP 0806 (08) 017

Braun et al., E.P.J. Web Conf. 85 (15) 02018
run  2006    
s=200 GeV2

explore only valence quarks

Adolph et al., P.L. B713 (12); P.L. B736 (14)
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the  data set  in  more  detail
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Autpp (η) 

Autpp (PT) 

Autpp (Mh) 

η<0 η>0

hermes

run  2006   s=200 GeV2

(effective coverage in x          )



choice  of  functional  form

2|hq
1(x,Q

2)|  2 SBq(x,Q2) = |fq
1 (x,Q

2) + gq1(x,Q
2)|

MSTW08      DSSV

hqv
1 (x;Q2

0) = F qv (x)
h
SBq(x) + SB

q̄
(x)

i

different funct. form whose Mellin transform can be computed analytically 
but keep main feature: comply with Soffer Bound at any x and scale Q2

Soffer Bound



choice  of  functional  form

2|hq
1(x,Q

2)|  2 SBq(x,Q2) = |fq
1 (x,Q

2) + gq1(x,Q
2)|

MSTW08      DSSV

hqv
1 (x;Q2

0) = F qv (x)
h
SBq(x) + SB

q̄
(x)

i

different funct. form whose Mellin transform can be computed analytically 
but keep main feature: comply with Soffer Bound at any x and scale Q2

Soffer Bound

Cebn(x)  Cebyshev polynomial
10 fitting parameters

F qv (x) =
Nqv

maxx[|F qv (x)|] x
Aqv [1 +Bqv Ceb1(x) + Cqv Ceb2(x) +Dqv Ceb3(x)]

Soffer Bound ok at any Q2|Nqv |  1 ) |F qv (x)|  1

constrain parameters



choice  of  functional  form

hqv
1 (x;Q2

0) = F qv (x)
h
SBq(x) + SB

q̄
(x)

i

F qv (x) =
Nqv

maxx[|F qv (x)|] x
Aqv [1 +Bqv Ceb1(x) + Cqv Ceb2(x) +Dqv Ceb3(x)]

if  lim
x!0

xSBq(x) / xaq then  hq
1(x) ⇡ xAq+aq�1

x ! 0

Aq + aq >
1

3

tensor charge �q(Q2) =

Z 1

xmin

dxhq�q̄
1 (x,Q2)

grants also error O(1%) for 
MSTW08 xmin=10-6

constrain parameters

low-x behavior is 
important

outside data range

- 1st option: finite tensor charge 

- 2nd option: finite violation of Burkhardt-Cottingham sum rule Accardi and Bacchetta,  
P.L. B773 (17) 632

Z 1

0
dx g2(x) /

Z 1

0
dx

h1(x)

x
Aq + aq > 1



theoretical  uncertainties

- quark D1q is well constrained by e+e− → (π+π−) X   (Montecarlo)

we don’t know anything about the gluon D1g

our choice:    set D1g (Q0) =
0
D1u (Q0) / 4
D1u (Q0) {

deteriorates our e+e− fit as  χ2/dof =
1.69 
1.81 
2.96 

1.28 
1.37 
2.01 

background ρ       channels

{

unpolarized Di-hadron Fragmentation Function   D1

- gluon D1g is not constrained by e+e− → (π+π−) X  (currently, LO analysis)

- no data available yet for  p p → (π+π−) X  



statistical  uncertainty:  the  bootstrap  method
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hermes
Airapetian et al., JHEP 0806 (08) 017

Adolph et al., P.L. B713 (12)

Braun et al., E.P.J. Web Conf. 85 (15) 02018

shift each exp. data point by Gaussian noise within exp. variance 
→ create a replica of all exp. data points and fit them



hermes
Airapetian et al., JHEP 0806 (08) 017

Adolph et al., P.L. B713 (12)

Braun et al., E.P.J. Web Conf. 85 (15) 02018

50  replicas
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statistical  uncertainty:  the  bootstrap  method
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Airapetian et al., JHEP 0806 (08) 017

Adolph et al., P.L. B713 (12)

Braun et al., E.P.J. Web Conf. 85 (15) 02018
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statistical  uncertainty:  the  bootstrap  method

100  replicas
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Airapetian et al., JHEP 0806 (08) 017

Adolph et al., P.L. B713 (12)

Braun et al., E.P.J. Web Conf. 85 (15) 02018
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statistical  uncertainty:  the  bootstrap  method

200  replicas



hermes
Airapetian et al., JHEP 0806 (08) 017

Adolph et al., P.L. B713 (12)

Braun et al., E.P.J. Web Conf. 85 (15) 02018
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statistical  uncertainty:  the  bootstrap  method

all  600  replicas



hermes
Airapetian et al., JHEP 0806 (08) 017

Adolph et al., P.L. B713 (12)

Braun et al., E.P.J. Web Conf. 85 (15) 02018
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statistical  uncertainty:  the  bootstrap  method

90%  replicas



fit   STAR   asymmetry

90% uncertainty band

Adamczyk et al. (STAR),  
P.R.L. 115 (2015) 242501

η<0 η>0
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χ2  of  the  fit

46 data points, 10 parameters 
global  χ2/dof = 2.08 ± 0.09

SIDIS STAR

≈ 38% ≈ 62% 

hermes

≈ 24% ≈ 76% 
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≈ 40% 

≈ 60% 
rest

PT  bins   ≈ 70%  

Mh  bins  ≈ 28%  

η  bins    ≈ 2%  

Soffer bound  
@10 GeV2

(x=0.1, Q2~9 GeV2) 
(x=0.16, Q2~15 GeV2)



results

Aq + aq >
1

3
- 1st option: finite tensor charge 

hq
1(x) ⇡ xAq+aq�1

x ! 0

grants also error O(1%) in 
calculation of tensor charge 
for MSTW08  xmin=10-6



comparison  with  previous  fit

Soffer 
bound

up
global fit

old fit

higher 
precision

Radici et al.,  
JHEP 1505 (15) 123

(only SIDIS data) 

Radici & Bacchetta,   
P.R.L. 120 (18) 192001



comparison  with  previous  fit

Soffer 
bound

global fit

0

Radici et al.,  
JHEP 1505 (15) 123

D1g (Q0) = D1u /4
D1u{

up

insensitive to 
uncertainty on

gluon D1

up

old fit

higher 
precision

(only SIDIS data) 

Radici & Bacchetta,  
P.R.L. 120 (18) 192001
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comparison  with  previous  fit
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downglobal fit

old fit
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comparison  with  previous  fit

Soffer 
bound

downglobal fit

old fit

0
D1g (Q0) = D1u /4

D1u{
down

sensitive to 
uncertainty on

gluon D1
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need  NLO analysis
+

dihadron multiplicities in pp  



tensor  charge   δq(Q2) = ∫dx h1q-q (x,Q2)−

1- global fit

4- TMD fit

2,3- Torino

up

down
Kang et al.,  
P.R. D93 (16) 014009

Anselmino et al.,  
P.R. D87 (13) 094019

5- JAM fit Lin et al.,  
P.R.L.120 (18) 152502

6- ETMC17

7- PNDME16

Alexandrou et al., P.R. D95 (17) 114514; 
                       E  P.R. D96 (17) 099906 

Collins  
effect

lattice

{

Bhattacharya et al., P.R. D94 (16) 054508
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Q2=4 GeV2 *

* Q2=10

* Q2=1

Radici & Bacchetta, P.R.L.120 (18) 192001

global 
fit

Collins effect + 
lattice gT=δu-δd

* Q02=2



tensor  charge   δq(Q2) = ∫dx h1q-q (x,Q2)−

1- global fit

4- TMD fit

2,3- Torino

up

down
Kang et al.,  
P.R. D93 (16) 014009

Anselmino et al.,  
P.R. D87 (13) 094019

5- JAM fit Lin et al.,  
P.R.L.120 (18) 152502

6- ETMC17

7- PNDME16

Alexandrou et al., P.R. D95 (17) 114514; 
                       E  P.R. D96 (17) 099906 

Collins  
effect

lattice

{

Bhattacharya et al., P.R. D94 (16) 054508

� � � � � � �

���

���

���

���

δ�

� � � � � � �

-���

-���

-���

-���

���

���

δ�

Q2=4 GeV2 *

* Q2=10
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Radici & Bacchetta, P.R.L. 120 (18) 192001

global 
fit

Collins effect + 
lattice gT=δu-δd

* Q02=2

incompatibility for up

compatible for down
but with large errors

(except JAM)



5) PNDME ’16 

6) ETMC ’17 

7) LHPC ’12 

8) RQCD ‘14 

9) RBC-UKQCD

Bhattacharya et al., P.R. D94 (16) 054508

Green et al., P.R. D86 (12)

Bali et al., P.R. D91 (15)

Aoki et al., P.R. D82 (10)

Alexandrou et al., P.R. D95 (17) 114514; 
                       E  P.R. D96 (17) 099906 

lattice

isovector  tensor  charge  gT = δu - δd

Radici & Bacchetta,  
P.R.L. 120 (18) 192001

Kang et al.,  P.R. D93 (16) 014009

Anselmino et al., P.R. D87 (13) 094019
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���

���
�� = δ�-δ�

Lin et al., P.R.L. 120 (18) 152502

incompatibility
(except JAM)

Q2=4 GeV2 *

1) global fit ’17

2) “TMD fit”  * Q2=10 

3) Torino fit    * Q2=1

4) JAM fit ’17 * Q02=2
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“transverse-spin  puzzle” ?

there seems to be no simultaneous compatibility 
about   δu,  δd,  gT=δu-δd

between   lattice   and 
phenomenological extractions

of transversity

so far,  shown results from published PRL paper



Adolph et al., P.L. B713 (12)

add Compass deuteron pseudodata
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private communication
ASIDIS ⇠ huv

1 + hdv
1

ASIDIS ⇠ 4huv
1 � hdv

1

1) recall:   deuteron 

                 proton

2) pseudodata with central value = 0 

    tried with values of old run 2004,  
    but too strong tension with other data 
    → χ2/dof ≳ 3-4

future deuteron measurement 
will have strong selective impact 

on replicas



χ2  of  the  fit

χ2/dof = 2.08 ± 0.09
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χ2/dof = 2.10 ± 0.20

global fit + pseudodata



pseudodata impact on down

Soffer 
bound

global fit + pseudodata

global fit
0

D1g (Q0) = D1u /4
D1u{

down

< 20% > 
increase in
precision

Radici & Bacchetta,  
PRL 120 (18) 192001
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pseudodata impact on up

Soffer 
bound

global fit + pseudodata

global fit
0

D1g (Q0) = D1u /4
D1u{

up

Radici & Bacchetta,  
PRL 120 (18) 192001
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pseudodata impact on up

Soffer 
bound

global fit + pseudodata

global fit
0

D1g (Q0) = D1u /4
D1u{

up

Radici & Bacchetta,  
PRL 120 (18) 192001

data
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constraint not enough to avoid
re-arrangement of replicas outside

the range of new pseudodata

hq
1(x) ⇡ xAq+aq�1

hq
1(x) ⇡ xAq+aq�1

hq
1(x) ⇡ xAq+aq�1

x ! 0
Aq + aq >

1

3



up

down

Collins  
effect lattice

Q2=4 GeV2 *

global 
fit

better precision on down
larger uncertainty on up

(“reversed role” of flavors..)

pseudodata impact on tensor charge
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pseudodata

� � � � � � �

-���

-���

-���

-���

���

���

δ�

JAM

full compatibility 
with lattice ??



up down
global 

fit

impact of extrapolation outside data

+ 
pseudodata
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up down
global 

fit

impact of extrapolation outside data

+ 
pseudodata

impact of pseudodata 
for down:  better precision everywhere

for up:  large uncertainties in extrapolation at low x

�q(Q2) =

Z 1
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1 (x,Q2)
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tensor  charge   δq(Q2) = ∫dx h1q-q (x,Q2)−

global fit

up down

TMD fit

truncated 
δq[0.0065,0.35]       Q2 = 10

Kang et al.,  
P.R. D93 (16) 014009

Radici & Bacchetta,  
P.R.L. 120 (18) 192001
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lattice

Q2=4 GeV2 *

pseudodata impact on isovector tensor charge
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�� = δ�-δ�

apparent simultaneous compatibility 
because of large uncertainties coming from 

extrapolation outside the x-range of data (mainly at low x)



results

hq
1(x) ⇡ xAq+aq�1

x ! 0

- 2nd option: finite violation of Burkhardt-Cottingham sum rule 

Aq + aq > 1



impact  of  low-x  constraint

global fit   2nd option
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3- global fit  1st option (finite tensor charge)

up

down

Collins  
effect lattice

Q2=4 GeV2 *

Radici & Bacchetta, P.R.L.120 (18) 192001

global fit
2nd  1st

2- global fit  2nd option (finite violation 
                                      of BC sum rule)

impact  of  low-x  constraint

better down
up still incompatible

(similarly for isovector gT)

general scenario confirmed
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Adolph et al., P.L. B713 (12)

add Compass deuteron pseudodata
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private communication

adding again 
Compass deuteron pseudodata



impact  of  pseudodata

global fit + pseudodata

global fit  

0
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3- global fit  1st option (finite tensor charge)

up

down

Collins  
effect lattice

Q2=4 GeV2 *

Radici & Bacchetta, P.R.L.120 (18) 192001

global fit
2nd  1st

2- global fit  2nd option (finite violation  
                                       of BC sum rule)

again better down
but confirm general picture

impact  of  pseudodata

1- global fit  2nd option + pseudodata
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global fit  1st option (finite tensor charge)

up
downCollins  

effect lattice

Q2=4 GeV2 *

Radici & Bacchetta, P.R.L.120 (18) 192001
color code of  

global fit

2nd  1st

global fit  2nd option (finite violation of BC sum rule)

summarizing

1st option + pseudodata
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adding 
pseudodata

2nd option + pseudodata



global fit  1st option (finite tensor charge) Radici & Bacchetta, P.R.L.120 (18) 192001
color code of  

global fit
global fit  2nd option (finite violation of BC sum rule)

summarizing

1st option + pseudodata

adding 
pseudodata

2nd option + pseudodata
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more constraints on extrapolation

hermes

run  2006    
s=200 GeV2

low-x
EIC

JLab12
(SoLID)

- of course, need more data

- theoretical constraints from low-x behavior in dipole picture 
   (generalize work on helicity                                               by �qS(x,Q2) ⇡

✓
1

x

◆↵h

↵h =
4p
3

r
↵sNc

2⇡
Kovchegov et al., P.L. B772 (17) 136

polarized BFKL:  from S(inglet) to NS(inglet) to δq(x,Q2)
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➡ refit di-hadron fragmentation functions using new data:           
e+e− → (ππ) Χ  constrains  D1q                                     

(currently only by Montecarlo)                              

Radici et al., P.R. D94 (16) 034012

To do  list   

➡ use also other (multi-dimensional) 
data from STAR run 2011 (s=500) 
and (later) run 2012 (s=200)

Adamczyk et al. (STAR), P.L. B780 (18) 332

)2 (GeV/cinvM
0.5 1 1.5 2

U
T

A

0

0.05
 = 500 GeVs = 13 GeV/c for 〉

T
p〈

 = 200 GeVs =  6 GeV/c for 〉
T

p〈

 > 0η

4.5% scale uncertainty
due to beam polarization

 = 500 GeVs et al.Radici, 
 = 500 GeVsSTAR 
 = 200 GeVsSTAR 

particle ID
trigger bias

Figure 7: The azimuthal asymmetry as a function of invariant mass in the highest pT bin compared with predictions from fits
to existing SIDIS and e+e� data provided by the same authors as [12]. Details on the calculation can be found in [36].

The ⇡+
⇡
� azimuthal correlation observable, AUT , is defined in Eq. (6), where P is the beam polarization

and N
"(#) is the number of pion pairs when the polarization of the beam is pointing up (down). The

combination of di↵erent polarization directions and detector hemispheres removes luminosity and e�ciency

dependencies from the asymmetry calculation to leading order [38].

AUT is calculated for eight �RS bins of equal width in the range [0,⇡], which are then fitted with a

single-parameter function, AUT · sin(�RS), to extract the amplitude. This procedure is carried out as a

function of the pseudorapidity of the pion pair, which is denoted as ⌘ for the remainder of this report. ⌘ >

0 is forward with respect to the polarized beam direction. AUT is also measured as a function of invariant

mass, Minv, and pT .

AUT · P · sin(�RS) =

p
N"(�RS)N#(�RS + ⇡)�

p
N#(�RS)N"(�RS + ⇡)p

N"(�RS)N#(�RS + ⇡) +
p
N#(�RS)N"(�RS + ⇡)

. (6)

The scale uncertainty due to the beam polarization in this analysis is 4.5%. We investigated a potential

bias of the triggered events towards pions that come from quark jets, which could result in an enhancement

of the measured asymmetries, since gluons are not expected to contribute to transversity. To investigate this

bias, particles produced in p+p simulated events from PYTHIA 6.426 [39] with the Perugia-0 tune [40], were

processed through a detector simulator (GSTAR package based upon GEANT 3.21/08T [41]), and then used

to estimate the quark/parton ratio of a biased sample over the quark/parton ratio in an unbiased sample.

11

➡ need data on  p+p → (ππ) Χ   constrains  gluon D1g

Seidl et al.,  
P.R. D96 (17) 032005

➡ use COMPASS data on πK and KK channels, and from Λ↑ fragmentation:   
constrain  strange contribution  ?

➡ explore other channels, like inclusive DIS via Jet fragm. funct.’s  
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FIG. 10. MC decomposition of the unlike-sign pion pairs as a function of mππ in bins of z for various resonance, partial resonant and
non-resonant parents, displayed in linear scale (top) and as a relative fraction of the total cross section (bottom).

R. SEIDL et al. PHYSICAL REVIEW D 96, 032005 (2017)

032005-14

same-hemisphere data: Mh1h2 dependence

23

unlike-sign
pion pairs

decomposition based on PYTHIA simulation 

clear differences in invariant-mass dependence between MC and data

   T > 0.8
z1,2 > 0.1

[Phys. Rev. D96 (2017) 032005]

data  ≠  MC
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Conclusions  

• first global fit of di-hadron inclusive data leading to extraction 
of transversity as a PDF in collinear framework

• inclusion of STAR p-p↑ data increases precision of up channel;                                      
large uncertainty on down due to unconstrained  gluon 
unpolarized di-hadron fragmentation function

• adding Compass pseudodata for deuteron confirms the scenario, 
but can be potentially very selective when inserting real central 
values

THANK   YOU

• no apparent simultaneous compatibility with lattice for tensor 
charge of up, down, and isovector                               

• need data spanning larger x range; meantime, look for other 
theoretical constraints on extrapolation (mostly, at low x)
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Back-up  



the SIDIS Single-Spin Asymmetry

x-dep. of SSA given by PDFs only
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extraction

Bacchetta, Courtoy, Radici,  
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Martin, Bradamante, Barone,  
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Boer, Jakob, Radici,  
P.R.D67 (03) 094003

Artru & Collins, Z.Ph. C69 (96) 277

extraction of DiFF from  e+e−

Belle data for  
Acos(ΦR+ΦR)

Vossen et al., P.R.L. 107 (11) 072004
Courtoy et al.,  
P.R.D85 (12) 114023

Radici et al.,  
JHEP 1505 (15) 123
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 e+e− cross section for (ππ) in same hemisphere

e+ e− → (h1h2) X 5

FIG. 2: Definition of the azimuthal angles φ1 and φ2 of the
two hadrons, between the scattering plane and their transverse
momenta Phi⊥ around the thrust axis n̂. The angle θ is defined
as the angle between the lepton axis and the thrust axis.

momentum of the quark-antiquark pair is known. The
quark directions are, however, not accessible to a direct
measurement and are thus approximated by the thrust
axis. The thrust axis n̂ maximizes the event shape vari-
able thrust:

T
max
=

∑

h |PCMS
h

· n̂|
∑

h |PCMS
h |

, (3)

where the sum extends over all detected particles. The
thrust value varies between 0.5 for spherical events and
1 for tracks aligned with the thrust axis of an event. The
thrust axis is a good approximation to the original quark-
antiquark axis as described in Section III A. The first
method of accessing the Collins asymmetry, M12 is based
on measuring a cos(φ1 + φ2) modulation of hadron pairs
(N(φ1 + φ2)) on top of the flat distribution due to the
unpolarized part of the fragmentation function. The un-
polarized part is given by the average bin content ⟨N12⟩.
The normalized distribution is then defined as

R12 :=
N(φ1 + φ2)

⟨N12⟩
. (4)

The corresponding cross section is differential in both az-
imuthal angles φ1,φ2 and fractional energies z1,z2 and
thus reads [25]:

dσ(e+e− → h1h2X)

dΩdz1dz2dφ1dφ2
=

∑

q,q̄
3α2

Q2

e2
q

4 z2
1z

2
2

{

(1 + cos2 θ)Dq,[0]
1 (z1)D

q,[0]
1 (z2)

+ sin2 θ cos(φ1 + φ2)H
⊥,[1],q
1 (z1)H

⊥,[1],q
1 (z2)

}

, (5)

where the summation runs over all quark flavors acces-
sible at the center-of-mass energy. Antiquark fragmen-
tation is denoted by a bar over the corresponding quark

FIG. 3: Definition of the azimuthal angle φ0 formed between
the planes defined by the lepton momenta and that of one
hadron and the second hadron’s transverse momentum P ′

h1⊥

relative to the first hadron.

fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

∫

d|kT |2
[

|kT |
M

]n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as

φ0 = sgn [Ph2 · {(ẑ × Ph2) × (Ph2 × Ph1)}]

× arccos

(

ẑ × Ph2

|ẑ × Ph2|
·

Ph2 × Ph1

|Ph2 × Ph1|

)

. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

⟨N0⟩
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At
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h1

“thrust-axis” frame

upcoming Belle data for (z, Mh) binning of 
unpolarized di-hadron  e+e− cross section 

R. Seidl,  talk at SPIN2016

Di-hadron mass dependence 

Spin, September 28, 2016 R.Seidl: Fragmentation measurements in Belle 21 

MC simulation 

Similar analysis in same hemisphere and mass – combined z 
binning. Important input for IFF based transversity global analysis 

𝑚𝜋𝜋 

𝑑2𝜎
dzd𝑚𝜋𝜋  

Mh

d�0

dz dMh

h2

π+π+
π+π−



•

 e+e− cross section for (hh) from all hemispheres

D1 (z2) @low z1 ≠ D1 (z2) @high z1

FF18 - Feb 20th, 2018gunar.schnell @ desy.de

energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.

πþ π− πþ πþ πþ K− πþ Kþ Kþ K− Kþ Kþ

Statistical 8.71 × 10−05 1.11 × 10−04 1.56 × 10−04 1.73 × 10−04 1.83 × 10−04 3.31 × 10−04

PID 9.61 × 10−04 4.78 × 10−04 2.09 × 10−03 1.85 × 10−03 2.57 × 10−03 3.06 × 10−03

Smearing 6.31 × 10−05 3.42 × 10−05 3.92 × 10−04 2.07 × 10−05 6.69 × 10−05 2.75 × 10−04

Non-qq̄ 6.07 × 10−04 6.30 × 10−04 1.03 × 10−03 9.98 × 10−04 1.14 × 10−03 1.88 × 10−03

Acceptance 1.16 × 10−03 1.32 × 10−03 2.04 × 10−03 2.14 × 10−03 2.24 × 10−03 3.65 × 10−03

ISR 3.66 × 10−04 4.13 × 10−04 5.97 × 10−04 6.09 × 10−04 7.12 × 10−04 1.03 × 10−03

Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02

Luminosity 1.4 × 10−02

Track reconstruction 0.7 × 10−02
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FIG. 12 (color online). Differential cross sections for πþ π− (black circles), πþ πþ (blue squares), πþ K− (green triangles), πþ Kþ

(purple diamonds), Kþ K− (red crosses) and Kþ Kþ (violet downward triangles) pairs in the any topology as a function of z2 for the
indicated z1 bins. The error boxes represent the systematic uncertainties.
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.

πþ π− πþ πþ πþ K− πþ Kþ Kþ K− Kþ Kþ

Statistical 8.71 × 10−05 1.11 × 10−04 1.56 × 10−04 1.73 × 10−04 1.83 × 10−04 3.31 × 10−04

PID 9.61 × 10−04 4.78 × 10−04 2.09 × 10−03 1.85 × 10−03 2.57 × 10−03 3.06 × 10−03

Smearing 6.31 × 10−05 3.42 × 10−05 3.92 × 10−04 2.07 × 10−05 6.69 × 10−05 2.75 × 10−04

Non-qq̄ 6.07 × 10−04 6.30 × 10−04 1.03 × 10−03 9.98 × 10−04 1.14 × 10−03 1.88 × 10−03

Acceptance 1.16 × 10−03 1.32 × 10−03 2.04 × 10−03 2.14 × 10−03 2.24 × 10−03 3.65 × 10−03

ISR 3.66 × 10−04 4.13 × 10−04 5.97 × 10−04 6.09 × 10−04 7.12 × 10−04 1.03 × 10−03

Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02

Luminosity 1.4 × 10−02

Track reconstruction 0.7 × 10−02
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FIG. 12 (color online). Differential cross sections for πþ π− (black circles), πþ πþ (blue squares), πþ K− (green triangles), πþ Kþ

(purple diamonds), Kþ K− (red crosses) and Kþ Kþ (violet downward triangles) pairs in the any topology as a function of z2 for the
indicated z1 bins. The error boxes represent the systematic uncertainties.
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hadron-pair production

energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.
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Statistical 8.71 × 10−05 1.11 × 10−04 1.56 × 10−04 1.73 × 10−04 1.83 × 10−04 3.31 × 10−04

PID 9.61 × 10−04 4.78 × 10−04 2.09 × 10−03 1.85 × 10−03 2.57 × 10−03 3.06 × 10−03

Smearing 6.31 × 10−05 3.42 × 10−05 3.92 × 10−04 2.07 × 10−05 6.69 × 10−05 2.75 × 10−04

Non-qq̄ 6.07 × 10−04 6.30 × 10−04 1.03 × 10−03 9.98 × 10−04 1.14 × 10−03 1.88 × 10−03

Acceptance 1.16 × 10−03 1.32 × 10−03 2.04 × 10−03 2.14 × 10−03 2.24 × 10−03 3.65 × 10−03

ISR 3.66 × 10−04 4.13 × 10−04 5.97 × 10−04 6.09 × 10−04 7.12 × 10−04 1.03 × 10−03

Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02

Luminosity 1.4 × 10−02

Track reconstruction 0.7 × 10−02
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.
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ISR 3.66 × 10−04 4.13 × 10−04 5.97 × 10−04 6.09 × 10−04 7.12 × 10−04 1.03 × 10−03

Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02

Luminosity 1.4 × 10−02
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.
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FIG. 12 (color online). Differential cross sections for πþ π− (black circles), πþ πþ (blue squares), πþ K− (green triangles), πþ Kþ

(purple diamonds), Kþ K− (red crosses) and Kþ Kþ (violet downward triangles) pairs in the any topology as a function of z2 for the
indicated z1 bins. The error boxes represent the systematic uncertainties.
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.

πþ π− πþ πþ πþ K− πþ Kþ Kþ K− Kþ Kþ

Statistical 8.71 × 10−05 1.11 × 10−04 1.56 × 10−04 1.73 × 10−04 1.83 × 10−04 3.31 × 10−04

PID 9.61 × 10−04 4.78 × 10−04 2.09 × 10−03 1.85 × 10−03 2.57 × 10−03 3.06 × 10−03

Smearing 6.31 × 10−05 3.42 × 10−05 3.92 × 10−04 2.07 × 10−05 6.69 × 10−05 2.75 × 10−04

Non-qq̄ 6.07 × 10−04 6.30 × 10−04 1.03 × 10−03 9.98 × 10−04 1.14 × 10−03 1.88 × 10−03

Acceptance 1.16 × 10−03 1.32 × 10−03 2.04 × 10−03 2.14 × 10−03 2.24 × 10−03 3.65 × 10−03

ISR 3.66 × 10−04 4.13 × 10−04 5.97 × 10−04 6.09 × 10−04 7.12 × 10−04 1.03 × 10−03

Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02

Luminosity 1.4 × 10−02

Track reconstruction 0.7 × 10−02
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FIG. 12 (color online). Differential cross sections for πþ π− (black circles), πþ πþ (blue squares), πþ K− (green triangles), πþ Kþ

(purple diamonds), Kþ K− (red crosses) and Kþ Kþ (violet downward triangles) pairs in the any topology as a function of z2 for the
indicated z1 bins. The error boxes represent the systematic uncertainties.
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•

 e+e− cross section for (hh) in different hemispheres

DiFF (z1, z2)  ≠  D1 (z1)  D1 (z2)

FF18 - Feb 20th, 2018gunar.schnell @ desy.de

hadron-pairs: topology comparison
any hemisphere vs. opposite- & same-hemisphere pairs

same-hemisphere pairs with kinematic limit at z1=z2=0.5

18

disfavored fragmentation from strange quarks to pions is not
as suppressed. Same-sign kaon pairs, where at least one
strange-quark pair needs to be produced in the fragmenta-
tion, are always suppressed at least one order of magnitude
relative to the opposite-sign pion pairs. This shows that
strangeness produced in fragmentation is indeed strongly

suppressed, as is generally assumed in fragmentation
models such as those included in PYTHIA.

2. Hemisphere decomposition

Figure 15 displays all six relevant hadron combinations
for opposite hemispheres while Fig. 16 shows the cross
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FIG. 17 (color online). Differential cross sections (top panels) and ratios to the same and opposite topology sum (bottom panels)
for the main hadron combinations, stacking same (gray filled areas, including thrust selection T > 0.8) and opposite (blue hatched
areas, including thrust selection T > 0.8) hemisphere data and comparing to those without hemisphere assignment (red curves). For
visibility, only the diagonal ðz1; z2Þ bins and statistical uncertainties are displayed.
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opposite hemisphere 
0 < z1=z2 < 1

same hemisphere 
0 < z1+z2 < 1 

0 < z1=z2 < 0.5



Stratmann & Vogelsang,  
P.R. D64 (01) 114007

to be computed thousands times… usual trick:  use Mellin anti-transform

N ϵ ℂ

pre-compute Fb only one time  
on contour CN 
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this speeds up convergence 
and facilitates  ∫ dN , provided 
that h1N is known analytically
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χ2  of  the  fit

χ2/dof = 2.08 ± 0.09

Total

SIDIS

STAR


