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Outline
• Motivation for model of structure functions in the low Q2 region: 

DIS radiative corrections (essential for EIC)


• Model for FL at low Q2: kT factorization + higher twist


• Results: x and Q2 behavior


• Comparison with JLAB, SLAC and HERA data


• Outlook
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Radiative corrections
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the  ta rge t: 

d2tYl~(x, Q 2 ) 47zc~2 I(  Mxy~F2(x,Q 2 ) 
d Q Zd x - Q4 1 - y 2 -E -] x 

+ ( 1 -  2mZ~yBFI(x, j . (1) 

In  th is  e q u a tio n  ~ is  the  fine  s tru c tu re  c o n s ta n t,  m is  the  
e le c tron  (mu o n ) ma s s ,  Q2 = _ q2 whe re  q2 is  the  s q u a re  
o f the  fo u r-m o m e n tu m  tra n s fe r b e twe e n  the  in c o m in g  a n d  
o u tg o in g  le p ton ,  x = Q2/(2Mv) the  Bjo rke n  s ca ling  va ri- 
a b le , M is  ta ke n  a s  the  p ro to n  ma s s ,  E a n d  v a re  the  
le p to n 's  inc ide n t e n e rg y a n d  e n e rg y tra n s fe r in  the  p ro to n  
re s t fra m e  a n d  y = v/E. 

Th e  o n e  p h o to n  e xc h a n g e  p ro c e s s  de s c ribe d  b y (1), is  
a  p a rt  o f the  lowe s t o rd e r (o r Born) e le c tro p ro d u c tio n  
c ros s  s e c tion , o -R. Th e  o th e r p a rt  o f a  B p ro c e e d s  fro m  the  
Z ~ b o s o n  e xcha nge . Th e  two  c o n trib u tio n s  c a n n o t be  
s e p a ra te d  e xp e rime n ta lly.  Ho we ve r in  the  p re s e n t fixe d 
ta rg e t e xp e rim e n ts  the  virtua litie s  (i. e . the  Q2 va lue s ) a re  
s ma ll c o m p a re d  to  the  Z ~ m a s s  s q u a re d  a n d  th e re fo re  (1) 
is  a  g o o d  a p p ro xim a tio n  to  the  Bo rn  c ros s  s e c tion . Th e  
Z ~ c o n trib u tio n  will be  d is cus s e d  la te r in  m o re  de ta il. 

Th e  d iffe re ntia l c ros s  s e c tion  (1) c a n  a ls o  be  e xp re s s e d  
in te rm s  o f s tru c tu re  func tions  Fz (X , Q2) a n d  R (x, Q2) : 

d2O.l~(X,dQ 2dxQz) _ 4/~x2Q4 F2x 1 -- y ~ -  + 1 Q2 / 

y2(1 + 4MZx2/Q2)7 
x ~ f+ ~ )  j ,  (2) 

whe re  R is  de fine d  a s : 

R (x, Q2) = a ~ = (1 + 4MZxZ/Q 2) F2 _ 1; (3) 
ar 2xF1 

a L a n d  a r  d e n o te  the  c ros s  s e c tions  fo r the  lo n g itu d in a lly 
a n d  tra n s ve rs a lly p o la ris e d  virtu a l p h o to n  re s pe c tive ly. 

As  m e n tio n e d  e a rlie r the  ra d ia tive  e ve n ts  a c c o u n t fo r 
a  la rge  fra c tio n  o f the  m e a s u re d  c ros s  s e c tion , ~ . . . .  . Th e s e  
e ffe cts  m a y le a d  to  a  wro n g  in te rp re ta tio n  o f the  m e a s u re d  
e ve n t kine ma tic s .  F o r  e xa m p le  a n  e la s tic  s c a tte rin g  fro m  
the  ta rg e t c a n  be  m is ta ke n  fo r a  d e e p  ine la s tic  e ve n t if it is  
a c c o m p a n ie d  b y a n  e ne rge tic  b re m s s tra h lu n g  p h o to n  n o t 
m e a s u re d  in the  e xpe rime n t.  Th e  m a g n itu d e  o f the  ra d i- 
a tive  e ffe cts  in  the  m e a s u re d  c ros s  s e c tion  will be  c h a ra c - 
te rize d  b y the  s o  ca lle d  ra d ia tive  c o rre c tio n  fa c to r,  r/(x, y), 
de fine d  a s  follows : 

q(x, y) - a l~ (4) 
O - m e a s   9 

This  fa c to r is  us e d  in the  d a ta  a na lys is  [7 ] a n d  will a ls o  be  
e m p lo ye d  in c o m p a rin g  re s u lts  o f c a lc u la tio n s  b e twe e n  
d iffe re nt ra d ia tive  c o rre c tio n  s che me s . 

F in a lly we  h a ve  to  s tre s s  th a t in the  m o s t o f de e p  
ine la s tic  e xp e rim e n ts  o n ly inc lus ive  m e a s u re m e n ts  a re  
p e rfo rm e d .  Th is  m e a n s  th a t o n ly inc ide n t a n d  s c a tte re d  
le p to n s  a re  m e a s u re d  a n d  the  kin e m a tic s  o f the  re a c tio n  is  
de fine d  b y the  le p to n ic  o b s e rva b le s .  Ho we ve r the  kin - 
e m a tic s  o f ra d ia tive  e ve n ts  c a n n o t be  de fine d  b y le p to n ic  
va ria b le s  a lone , e . g. a  b re m s s tra h lu n g  p h o to n  e mis s ion  b y 

o) b) o) 

r x . ~  

a) e) e) 9) 

Fig. 1. Fe ynma n diagrams for the  deep ine las tic sca tte ring in the  one  
photon exchange  a pproxima tion a  a nd the  lowes t orde r radia tive  
processes : rea l photon bremss trahlung from the  charged lepton 
b, vertex correction c, vacuum pola risa tion d, double  photon ex- 
change  e, ha dron current corrections  f,g. In the  MT scheme eva lu- 
a ted were  diagrams (b-d) 

the  le p to n  re s u lts  in  a  measured Q2 diffe re nt fro m  the  
actual one . The re fo re ,  wh e n  a p p ro p ria te ,  we  s ha ll m a ke  
a  c le a r d is tinc tion  b e twe e n  the  h a d ro n -  a n d  le p to n -d e - 
fine d va ria b le s .  

3 Mo  and Ts a i s c he me  

In  the  o rig ina l MT s c h e me  [1, 2, 3] the  fo llowing  p ro - 
ce s s e s  we re  c o n s id e re d  to  c o n trib u te  to  the  m e a s u re d  
e le c tro n -p ro to n  ine la s tic  c ros s  s e ction1: re a l p h o to n  
b re m s s tra h lu n g  fro m  a n  in itia l a n d  fina l e le c tron  (Fig. lb), 
ve rte x c o rre c tio n  (Fig. lc ) a n d  va c u u m  p o la ris a tio n  co r- 
re c tion  (Fig. ld). In  the  la tte r o n e  o n ly the  e le c tron  a n d  
m u o n  lo o p s  we re  o rig ina lly cons ide re d . Th e  p ro to n  s truc - 
tu re  wa s  a c c o u n te d  fo r th ro u g h  the  two  uns pe c ifie d  s truc - 
tu re  func tions . Th e  MT s c h e me  fo rm u la tio n  is  th u s  m o d e l 
in d e p e n d e n t.  Th e  m a th e m a tic a l fo rm u la tio n  o f the  MT is  
n o n -c o va ria n t.  

C o rre c tio n s  de p ic te d  b y the  d ia g ra m s  in Fig. 1 ca n  be  
d ivide d  in to  two  g roups : e mis s ion  o f re a l p h o to n s  (Fig. lb ) 
with  e n e rg y la rg e r th a n  A a n d  thos e  with  e n e rg y s ma lle r 
th a n  A (Fig. lb ) to g e th e r with  virtua l c o rre c tio n s  (Fig. 
lc,d). C o n trib u tio n s  fro m  the  s oft p h o to n  e mis s ion  a n d  
fro m  the  ve rte x c o rre c tio n  separate ly a re  in fra re d  d ive r- 
ge n t b u t the  d ive rge nce s  ca nce l wh e n  the  c o n trib u tio n s  
a re  c o n s id e re d  jo in tly [10]. Th e  p a ra m e te r  A m a y h a ve  
a  m e a n in g  o f the  e n e rg y re s o lu tio n  o r in o th e r wo rd s  
a  m a xim a l e n e rg y o f the  e m itte d  p h o to n  which  is  s till n o t 
d e te c ta b le  in the  e xpe rime n t.  It is  o fte n  ca lle d  the  'in fra re d  
cu t-o ff'  p a ra m e te r.  Th is  in te rp re ta tio n  implie s  th a t A m a y 
n o t be  to o  la rge . To o  s ma ll A m u s t a ls o  be  a vo id e d  s ince  it 
m a y ca us e  n u m e ric a l ins ta b ilitie s  in  the  c o m p u ta t io n  o f 
the  s oft p h o to n  c o n trib u tio n .  Th e  n u m e ric a l re s u lts  o f the  
c a lc u la tio n s  s h o u ld  n o t d e p e n d  on  A. 

1The  origina l MT scheme was  formula ted for e lectron sca tte ring; 
there fore  a  la rge  e ffort was  put to quantify the  e ffects  of the  energy 
loss  in the  e lectron passage  through the  ta rge t. We sha ll neglect the m 
in this  pa pe r s ince  in the  examples  of practica l applica tions  we sha ll 
dea l with muon sca tte ring only 

Extraction of the one - photon cross 
section from the measurement 
requires the correction for the 
radiative corrections 

Mo-Tsai scheme b)-d)

Dubna scheme    b)-d) 

and e)-g) hadron current corrections calculated using Quark Parton Model

Examples:

RC factor:
⌘(x, y) =

�1�

�meas
<latexit sha1_base64="n7yuvgoTinO91fRLg2THqkfopG0="></latexit><latexit sha1_base64="n7yuvgoTinO91fRLg2THqkfopG0="></latexit><latexit sha1_base64="n7yuvgoTinO91fRLg2THqkfopG0="></latexit><latexit sha1_base64="n7yuvgoTinO91fRLg2THqkfopG0="></latexit>

Comparison of schemes Badelek, Bardin, Kurek, Scholz   Z.  Phys. C 66 , 591 (1995)
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Radiative corrections
Need following input for

xmeas < x < 1
<latexit sha1_base64="DHfWiLQMKUxSoyQLQPSMdk6MUYo=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbB1TCpQ1vBRdGNywr2AW0ZMmnahiYzQ5KR1qH4K25cKOLW/3Dn35hpK6jogQuHc+7l3nv8iDOlHefDyiwtr6yuZddzG5tb2zv53b2GCmNJaJ2EPJQtHyvKWUDrmmlOW5GkWPicNv3RZeo3b6lULAxu9CSiXYEHAeszgrWRvPzB2Es6UkBBsZrCczg2hbx8wbHPKqWiW4KO7ThlVEQpKZbdUxcio6QogAVqXv690wtJLGigCcdKtZET6W6CpWaE02muEysaYTLCA9o2NMCCqm4yu34Kj43Sg/1Qmgo0nKnfJxIslJoI33QKrIfqt5eKf3ntWPcr3YQFUaxpQOaL+jGHOoRpFLDHJCWaTwzBRDJzKyRDLDHRJrCcCeHrU/g/aRRt5Njo2i1ULxZxZMEhOAInAIEyqIIrUAN1QMAdeABP4Nm6tx6tF+t13pqxFjP74Aest0/RtpQm</latexit><latexit sha1_base64="DHfWiLQMKUxSoyQLQPSMdk6MUYo=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbB1TCpQ1vBRdGNywr2AW0ZMmnahiYzQ5KR1qH4K25cKOLW/3Dn35hpK6jogQuHc+7l3nv8iDOlHefDyiwtr6yuZddzG5tb2zv53b2GCmNJaJ2EPJQtHyvKWUDrmmlOW5GkWPicNv3RZeo3b6lULAxu9CSiXYEHAeszgrWRvPzB2Es6UkBBsZrCczg2hbx8wbHPKqWiW4KO7ThlVEQpKZbdUxcio6QogAVqXv690wtJLGigCcdKtZET6W6CpWaE02muEysaYTLCA9o2NMCCqm4yu34Kj43Sg/1Qmgo0nKnfJxIslJoI33QKrIfqt5eKf3ntWPcr3YQFUaxpQOaL+jGHOoRpFLDHJCWaTwzBRDJzKyRDLDHRJrCcCeHrU/g/aRRt5Njo2i1ULxZxZMEhOAInAIEyqIIrUAN1QMAdeABP4Nm6tx6tF+t13pqxFjP74Aest0/RtpQm</latexit><latexit sha1_base64="DHfWiLQMKUxSoyQLQPSMdk6MUYo=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbB1TCpQ1vBRdGNywr2AW0ZMmnahiYzQ5KR1qH4K25cKOLW/3Dn35hpK6jogQuHc+7l3nv8iDOlHefDyiwtr6yuZddzG5tb2zv53b2GCmNJaJ2EPJQtHyvKWUDrmmlOW5GkWPicNv3RZeo3b6lULAxu9CSiXYEHAeszgrWRvPzB2Es6UkBBsZrCczg2hbx8wbHPKqWiW4KO7ThlVEQpKZbdUxcio6QogAVqXv690wtJLGigCcdKtZET6W6CpWaE02muEysaYTLCA9o2NMCCqm4yu34Kj43Sg/1Qmgo0nKnfJxIslJoI33QKrIfqt5eKf3ntWPcr3YQFUaxpQOaL+jGHOoRpFLDHJCWaTwzBRDJzKyRDLDHRJrCcCeHrU/g/aRRt5Njo2i1ULxZxZMEhOAInAIEyqIIrUAN1QMAdeABP4Nm6tx6tF+t13pqxFjP74Aest0/RtpQm</latexit><latexit sha1_base64="DHfWiLQMKUxSoyQLQPSMdk6MUYo=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbB1TCpQ1vBRdGNywr2AW0ZMmnahiYzQ5KR1qH4K25cKOLW/3Dn35hpK6jogQuHc+7l3nv8iDOlHefDyiwtr6yuZddzG5tb2zv53b2GCmNJaJ2EPJQtHyvKWUDrmmlOW5GkWPicNv3RZeo3b6lULAxu9CSiXYEHAeszgrWRvPzB2Es6UkBBsZrCczg2hbx8wbHPKqWiW4KO7ThlVEQpKZbdUxcio6QogAVqXv690wtJLGigCcdKtZET6W6CpWaE02muEysaYTLCA9o2NMCCqm4yu34Kj43Sg/1Qmgo0nKnfJxIslJoI33QKrIfqt5eKf3ntWPcr3YQFUaxpQOaL+jGHOoRpFLDHJCWaTwzBRDJzKyRDLDHRJrCcCeHrU/g/aRRt5Njo2i1ULxZxZMEhOAInAIEyqIIrUAN1QMAdeABP4Nm6tx6tF+t13pqxFjP74Aest0/RtpQm</latexit>

0 < Q2 < Q2
max

<latexit sha1_base64="fIENSjzktMOBhf0OS++XxWmuDDg=">AAAB/HicdVDLSgMxFM3UV62vapdugkVwVTJjaSu4KLpx2YJ9QDuWTJq2ocnMkGTEYai/4saFIm79EHf+jZm2gooeuHA4517uvccLOVMaoQ8rs7K6tr6R3cxtbe/s7uX3D9oqiCShLRLwQHY9rChnPm1ppjnthpJi4XHa8aaXqd+5pVKxwL/WcUhdgcc+GzGCtZEG+QI6b944aQ2SvhRQ4LvZIF9EpbNaxSlXICohVLUdOyVOtXxahrZRUhTBEo1B/r0/DEgkqK8Jx0r1bBRqN8FSM8LpLNePFA0xmeIx7RnqY0GVm8yPn8FjowzhKJCmfA3n6veJBAulYuGZToH1RP32UvEvrxfpUc1NmB9GmvpksWgUcagDmCYBh0xSonlsCCaSmVshmWCJiTZ55UwIX5/C/0nbKdmoZDfLxfrFMo4sOARH4ATYoArq4Ao0QAsQEIMH8ASerXvr0XqxXhetGWs5UwA/YL19AoIflA0=</latexit><latexit sha1_base64="fIENSjzktMOBhf0OS++XxWmuDDg=">AAAB/HicdVDLSgMxFM3UV62vapdugkVwVTJjaSu4KLpx2YJ9QDuWTJq2ocnMkGTEYai/4saFIm79EHf+jZm2gooeuHA4517uvccLOVMaoQ8rs7K6tr6R3cxtbe/s7uX3D9oqiCShLRLwQHY9rChnPm1ppjnthpJi4XHa8aaXqd+5pVKxwL/WcUhdgcc+GzGCtZEG+QI6b944aQ2SvhRQ4LvZIF9EpbNaxSlXICohVLUdOyVOtXxahrZRUhTBEo1B/r0/DEgkqK8Jx0r1bBRqN8FSM8LpLNePFA0xmeIx7RnqY0GVm8yPn8FjowzhKJCmfA3n6veJBAulYuGZToH1RP32UvEvrxfpUc1NmB9GmvpksWgUcagDmCYBh0xSonlsCCaSmVshmWCJiTZ55UwIX5/C/0nbKdmoZDfLxfrFMo4sOARH4ATYoArq4Ao0QAsQEIMH8ASerXvr0XqxXhetGWs5UwA/YL19AoIflA0=</latexit><latexit sha1_base64="fIENSjzktMOBhf0OS++XxWmuDDg=">AAAB/HicdVDLSgMxFM3UV62vapdugkVwVTJjaSu4KLpx2YJ9QDuWTJq2ocnMkGTEYai/4saFIm79EHf+jZm2gooeuHA4517uvccLOVMaoQ8rs7K6tr6R3cxtbe/s7uX3D9oqiCShLRLwQHY9rChnPm1ppjnthpJi4XHa8aaXqd+5pVKxwL/WcUhdgcc+GzGCtZEG+QI6b944aQ2SvhRQ4LvZIF9EpbNaxSlXICohVLUdOyVOtXxahrZRUhTBEo1B/r0/DEgkqK8Jx0r1bBRqN8FSM8LpLNePFA0xmeIx7RnqY0GVm8yPn8FjowzhKJCmfA3n6veJBAulYuGZToH1RP32UvEvrxfpUc1NmB9GmvpksWgUcagDmCYBh0xSonlsCCaSmVshmWCJiTZ55UwIX5/C/0nbKdmoZDfLxfrFMo4sOARH4ATYoArq4Ao0QAsQEIMH8ASerXvr0XqxXhetGWs5UwA/YL19AoIflA0=</latexit><latexit sha1_base64="fIENSjzktMOBhf0OS++XxWmuDDg=">AAAB/HicdVDLSgMxFM3UV62vapdugkVwVTJjaSu4KLpx2YJ9QDuWTJq2ocnMkGTEYai/4saFIm79EHf+jZm2gooeuHA4517uvccLOVMaoQ8rs7K6tr6R3cxtbe/s7uX3D9oqiCShLRLwQHY9rChnPm1ppjnthpJi4XHa8aaXqd+5pVKxwL/WcUhdgcc+GzGCtZEG+QI6b944aQ2SvhRQ4LvZIF9EpbNaxSlXICohVLUdOyVOtXxahrZRUhTBEo1B/r0/DEgkqK8Jx0r1bBRqN8FSM8LpLNePFA0xmeIx7RnqY0GVm8yPn8FjowzhKJCmfA3n6veJBAulYuGZToH1RP32UvEvrxfpUc1NmB9GmvpksWgUcagDmCYBh0xSonlsCCaSmVshmWCJiTZ55UwIX5/C/0nbKdmoZDfLxfrFMo4sOARH4ATYoArq4Ao0QAsQEIMH8ASerXvr0XqxXhetGWs5UwA/YL19AoIflA0=</latexit>

Structure function

F2(x,Q
2)

<latexit sha1_base64="feUZb/Jn9Cq1Zebt25SdLsji6J0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpQkCHosCuKxBfuBbSyb7aZdutmE3Y1YQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuZXVtfSO/Wdja3tndK+4fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfuuRSsUicafHMfVCPBAsYARrI93f9Nzy01n9wT3tFUt2xZ4BLRMnIyXIUOsVv7r9iCQhFZpwrFTHsWPtpVhqRjidFLqJojEmIzygHUMFDqny0tnFE3RilD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOmlTMSJpoLMFwUJRzpC0/dRn0lKNB8bgolk5lZEhlhiok1IBROCs/jyMmm6FceuOPXzUvUqiyMPR3AMZXDgAqpwCzVoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB5fJj4s=</latexit><latexit sha1_base64="feUZb/Jn9Cq1Zebt25SdLsji6J0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpQkCHosCuKxBfuBbSyb7aZdutmE3Y1YQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuZXVtfSO/Wdja3tndK+4fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfuuRSsUicafHMfVCPBAsYARrI93f9Nzy01n9wT3tFUt2xZ4BLRMnIyXIUOsVv7r9iCQhFZpwrFTHsWPtpVhqRjidFLqJojEmIzygHUMFDqny0tnFE3RilD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOmlTMSJpoLMFwUJRzpC0/dRn0lKNB8bgolk5lZEhlhiok1IBROCs/jyMmm6FceuOPXzUvUqiyMPR3AMZXDgAqpwCzVoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB5fJj4s=</latexit><latexit sha1_base64="feUZb/Jn9Cq1Zebt25SdLsji6J0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpQkCHosCuKxBfuBbSyb7aZdutmE3Y1YQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuZXVtfSO/Wdja3tndK+4fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfuuRSsUicafHMfVCPBAsYARrI93f9Nzy01n9wT3tFUt2xZ4BLRMnIyXIUOsVv7r9iCQhFZpwrFTHsWPtpVhqRjidFLqJojEmIzygHUMFDqny0tnFE3RilD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOmlTMSJpoLMFwUJRzpC0/dRn0lKNB8bgolk5lZEhlhiok1IBROCs/jyMmm6FceuOPXzUvUqiyMPR3AMZXDgAqpwCzVoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB5fJj4s=</latexit><latexit sha1_base64="feUZb/Jn9Cq1Zebt25SdLsji6J0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpQkCHosCuKxBfuBbSyb7aZdutmE3Y1YQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuZXVtfSO/Wdja3tndK+4fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfuuRSsUicafHMfVCPBAsYARrI93f9Nzy01n9wT3tFUt2xZ4BLRMnIyXIUOsVv7r9iCQhFZpwrFTHsWPtpVhqRjidFLqJojEmIzygHUMFDqny0tnFE3RilD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOmlTMSJpoLMFwUJRzpC0/dRn0lKNB8bgolk5lZEhlhiok1IBROCs/jyMmm6FceuOPXzUvUqiyMPR3AMZXDgAqpwCzVoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB5fJj4s=</latexit>

And structure function

FL(x,Q
2)
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Or the ratio R(x,Q2) = FL(x,Q
2)/FT (x,Q

2)
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In  the  MT a p p ro a c h  the  m e a s u re d  c ros s  s e c tion  ca n  be  
e xpre s s e d  a s  fo llows  (s e e  Ap p e n d ix A fo r the  de fin itions  o f 
va ria b le s  us e d  in MT publica tions ): 

dZt7 . . . .  --  e -  ~,(zl) F(Q2) d2o'l ~ d2tTta ils  
dvd(2 ~ + dvd~-' (5) 

whe re  

6 R ( A ) =~ ( ln - ~ +ln  ~ 

is  a  re s idue  o f the  ca nce lla tion  o f the  in fra re d  d ive rge n t 
te rms  a n d  ta ke s  in to  a c c o u n t a ll s oft p h o to n  e mis s ions  in 
the  lowe s t o rd e r o f cr It is  a  we ll kn o wn  fa c t th a t the  
in fra re d  d ive rge nce s  ca nce l in e a ch  o rd e r in  cr [10] a n d  
the re fo re  it is  pos s ib le  to  s um up  c o n trib u tio n s  fro m a ll 
s oft p h o to n  e mis s ions  [11]. Th e  e xpone n tia l fa c tor, 
e  -a"(~), in  (5) is  a  re s u lt o f this  s u m m a tio n .  Th e  func tion  
F (Q  2) con ta in s  a ll A - in d e p e n d e n t te rms : 

F (Q  2) = 1 + ~e a c -~- t~v#ac "}- (~vtx ~" (~s , (7 ) 

whe re  2 

20r [-  5 4m 2~,u  1 N/ 4m2,. ~ -  
5 1 + 

x 1 ~-~ ) ln ~  + 4m 2,u/Q 2 - 1  

( 31n Q ~) 6,t,=--2~ - 1 +  (9) 

a n d  ~b the  S pe nce  func tion  3. Accord ing  to  [16] the  two  
firs t te rms  in  the  q u a d ra tic  pa re n the s is  o f (10) s hou ld  ha ve  
re ve rs e d  s igne s . The s e  te rms  a re  h o we ve r ve ry s ma ll a nd  
the re fo re  th e y a re  ne gle c te d  in [2]. 

Th e  s e cond  te rm  in (5), O'ta ils , a c c o u n ts  fo r c o n trib u tio n  
fro m  proce s s e s  whe re  re a l p h o to n s  o f e ne rgy la rge r th a n  
A a re  e mitte d : 

d20-ta ils  d20-(r > A) (M~)max 2 d2~Tj, r(M2 ) (1 1 ) 
d vd ~  - dvdg2 - ~ d Mj dvd(2 ' 

M z  

whe re  M de no te s  a  ta rge t ma s s , (Mj)m.x = 
x / M 2 - Q 2 +  2 M ( v -  A) a n d  a j, r is  g ive n by fo rm u la  
(A.24) in  [3 ] a nd  q u o te d  in Ap p e n d ix A; M s  is  a n  e ffe ctive  
ma s s  o f the  h a d ro n ic  fina l s ta te . Th e  in te g ra tio n  o ve r 

23~ g ive n  here  is  the  fu ll formula . The  approximation 
2c~/~( - 5/9 + 1/3 lnQ2/mZ, u) holds  for Q2>>mZ, u (see  e. g. (5) and A1 
from [1]). For extremely low Q2 formula  (8) converges  to  Q Z / 1 5 m Z ,  u 

aIn the  origina l MT formula tion [3] the  ,qZ, symbol was used in 
(6)-(9). This  variable , however, was then redefined to become the  
measured four momentum transfe r, q2 = (s  - p)2, and thus  coincides  
with our definition of - Q2. The  la tte r was thus  used here  for cla rity 

Q2 f 
COS O k = - I 

/, 

Fig. 2. Range  of kinematica l variables  from which the  radia tive  ta ils  
contribute  to the  cross  section measured a t the  point A(Q 2, v) 

Mj in (11) m e a n s  th a t a ll the  fina l h a d ro n ic  s ta te s  c o n trib - 
u te  to  the  c ros s  s e c tion  m e a s u re d  in a  kine ma tica l p o in t 
(Q2, v), Fig. 2, s o ca lle d  'ra d ia tive  ta ils ': e la s tic  (Mj = M), 
re s o n a n c e  p ro d u c tio n  (Mj = Mr~s)... a n d  de e p  ine la s tic  
ta ils , i.e . ta ils  fro m  the  c o n tin u u m . 

E q u a tio n  (5) doe s  n o t ta ke  in to  a c c o u n t doub le - 
(multi-) p h o to n  e xcha nge  re a c tions  (Fig. le ) n o r a n y ra d i- 
a tive  c o rre c tio n  fro m the  h a d ro n  c u rre n t (Fig. lf, g). The s e  
e ffe cts  we re  e s tima te d  o n ly fo r the  e las tic  e  - p in te ra c tio n  
[2]. App lica tion  o f the s e  ca lcu la tions  to  the  ine la s tic  in te r- 
a c tio n  is  incorre c t.  Th u s  the s e  re s u lts  we re  d is ca rde d  in 
p ra c tica l a pp lica tions  o f the  MT s che me . E va lu a tio n  o f 
the s e  e ffe cts  in  the  ine la s tic  e - p  in te ra c tions  wa s  n o t 
d o n e  in  this  s che me . To  do  th is  a  m o d e l o f the  p ro to n  
in te rn a l s tru c tu re  is  ne ce s s a ry. Th e  be s t fra m e wo rk pre s - 
e n tly is  the  q u a rk p a rto n  m o d e l (Q P M).  

In  the  u p g ra d e d  ve rs ion  o f the  MT s che me , us e d  in the  
a na lys is  o f the  N MC  re s ults  [12],  the  z+z  a nd  qc~ lo o p s  
in  the  va c u u m  p o la ris a tio n  [10, 13] a n d  the  virtua l 
p h o to n  - Z ~ b o s o n  in te rfe re nce  [6 ] we re  a ls o inc lude d . 

4 Dubna s che me  

In  the  Du b n a  s che me  the  ca lcu la tions  o f the  de e p  ine la s tic  
p roce s s e s  a re  ba s e d  o n  a  mixe d  a p p ro a c h  which  us e s  b o th  
a  m o d e l in d e p e n d e n t a n d  the  q u a rk p a rto n  m o d e l tre a t- 
m e n t o f the  ra d ia tive  co rre c tions .  Th e  ra d ia tive  co rre c - 
tions  to  the  le p ton ic  c u rre n t (Fig. lb ,  c) a re  c a lc u la te d  
with in  the  s a me  m o d e l in d e p e n d e n t a p p ro a c h  a s  in  the  
Mo  a n d  Ts a i s che me  e xce p t the  wa y o f tre a tin g  the  s oft 
b re m s s tra h lu n g  p h o to n s .  All o th e r c o rre c tio n s  a re  ca l- 
cu la te d  us ing  the  Q P M a p p ro a c h .  

In  the  inc lus ive  e le c tro p ro d u c tio n  e xpe rime n ts  the  
ra d ia tive  a n d  n o n -ra d ia tive  e ve n ts  c a n n o t be  d is tin- 
gu is he d  a n d  the re fo re  the  tr . . . .  s h o u ld  n o t d e p e n d  o n  a n y 
p a ra m e te r A, a  p ro p e rty,  wh ich  im plic itly  ho lds  in Mo  a n d  
Ts a i s che me . Th e  D s che me  is  e xp lic itly  A in d e p e n d e n t a s  
a  re s u lt o f a n  in te g ra tio n  o ve r the  who le  b re m s s tra h lu n g  
p h o to n  pha s e  s pa ce . Th e  re le va n t p ro c e d u re  is  de s c ribe d  
in  de ta il in  [14]. 

App lying  the  Q P M a n d  the  fa c t th a t q u a rks  a re  
po in t-like  ob je c ts  pe rmits  in  p rinc ip le  to  ca lcu la te  a ll 

Needed down to 

Q2 ! 0
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Range of kinematical variables from 
which the radiative tails contribute to 
cross section measured at point A(Q2, ⌫)
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Badelek,Bardin,Kurek,Scholz Z. Phys. C 66 , 591 (1995)Plot from

Essential 
for DIS
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Phase space (x,Q2) for FL 

Lowest Q2 data

Unlike for F2 there are not 
many data for the longitudinal 
structure function

  JLab E00002 Phys. Rev. C 97, 045204 (2018) 
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Model for low Q2

Badelek, Kwiecinski, Stasto Z. Phys. C 74 , 297 (1997)Revisiting original model:
Anna Stasto, A model for FL at low Q2, DIS2021, April 14, 2021 6

• Construct physically motivated model rather than pure parametrization


• Use of kT factorization formula  with off shell gluon


• Need unintegrated gluon distribution. Construct from the standard 
DGLAP collinear gluon distribution


• Extrapolation  to low values of Q2 

• Introduce the cutoff parameter on the quark transverse momenta


• Higher twist contribution from the low quark transverse momenta.  
Match the normalization to the ‘soft’ contribution from the F2 structure 
function



kT factorization
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Fig.3

• kT factorization, appropriate for small x is convolution of:

• photon-gluon impact factor — off-shell matrix element

• unintegrated gluon density

in fig.3. The structure function FL obtained from the diagram of fig.3 is given by [25] :

FL(x,Q
2) = 2

Q4

π2

∑

q

e2qIq(x,Q
2) (1)

where,

Iq(x,Q
2) =

∫ dk2
T

k4
T

∫ 1

0
dβ
∫

d2κ′

Tαsβ
2(1− β)2

1

2
(

1

D1q
−

1

D2q
)2f(yq, k

2
T ) (2)

and
D1q = κ2

T + β(1− β)Q2 +m2
q

D2q = (κT − kT )
2 + β(1− β)Q2 +m2

q . (3)

αs is the QCD coupling and its argument will be specified later. The transverse momentum

κ′

T
and the variables yq are defined as follows:

κ′

T
= κT − (1− β)kT (4)

yq = x

(

1 +
κ′2
T +m2

q

β(1− β)Q2
+

k2
T

Q2

)

(5)

where κT is the transverse momentum of the quark(antiquark) in the quark box (see fig.3).
The variable β is the corresponding Sudakov parameter appearing in the quark momentum

decomposition into the basic lightlike four vectors, p′ and q′,

κ = xqp
′
− βq′ + κT

xq = x

(

1 +
m2

q + κ2
T

(1− β)Q2

)

p′ = p−
M2x

Q2
q (6)

q′ = q + xp

where M denotes the nucleon mass. The function f(y, k2) is the so – called unintegrated gluon

distribution. It is related to the (scale dependent) gluon distribution g(y, µ2) by

yg(y, µ2) =
∫ µ2 dk2

T

k2
T

f(y, k2
T ) . (7)

The parameters mq are the masses of the quarks. It should be noted that the integrals
Iq defined by (2) are infrared finite even if we set mq = 0. The non-zero values of the quark
masses are however necessary if formula (1) is extrapolated down to Q2 = 0 respecting the

kinematical constraint FL ∼ Q4. The non-zero quark masses then play the role of the infrared
regulator. It should be noticed that the expressions (1,2) define FL as an analytic function

of Q2 except for the cut Q2 < −4m2
q . Equation (2) can be interpreted as representing the

rescattering of the qq̄ fluctuation of the virtual photon through the exchange of two and more

3

Quark transverse momentum 

Denominators

interacting gluons. Both the diagonal and non–diagonal transitions in this rescattering are
included. We assume that equations (1,2) embody (at least in the average sense and as far as
the position of the singularities in the Q2 plane are concerned) also the virtual vector meson

contributions which couple to virtual photons. This will fix the magnitude of the corresponding
quark mass parameters to bem2

q ≈ m2
v/4 wheremv denotes the mass of the lightest vector meson

corresponding to the qq̄ pair.

The integration limits in (2) are constrained by the condition:

yq < 1 (8)

The condition yq > x is automatically satisfied (see eq.(5) )

The unintegrated gluon distribution f(x, k2) should in principle be obtained from the solu-
tion of the Balitzkij–Fadin–Kuraev–Lipatov (BFKL) equation [26, 27]. In our calculations we

shall use the following approximation,

f(y, k2
T ) = y

∂gAP (y,Q2)

∂lnQ2

∣

∣

∣

∣

∣

Q2=k2
T

(9)

where gAP (y,Q2) satisfies the conventional (LO or NLO) Altarelli-Parisi equations. In this
approximation one neglects the higher order small x resummation effects in the gluon anomalous

dimension. The gluon anomalous dimension γgg(αs,ω) is the moment of the splitting function
Pgg(z),

γgg(αs,ω) =
∫ 1

0
dzzωPgg(z,αs) . (10)

The BFKL equation effectively resums the leading powers of αs/ω i.e.

γgg(αs,ω) =
ᾱs

ω
+
∑

n=4

Dn

(

ᾱs

ω

)n

(11)

(ᾱs = 3αs/π), where the coefficients Dn can be calculated from the kernel of the BFKL equation
[28]. It should be noted that the sum on the right–hand–side of (11) only starts at n = 4. As a

result it affects the evolution of gluon distribution (and of observable quantities) only at very
small values of x (x < 10−4). In our approximation this contribution is neglected.

Expression (1) can be represented in the following ”kt factorized” form:

FL(x,Q
2) =

∫ 1

x

dx′

x′

∫ dk2
T

k2
T

F̂ 0
L(x

′, Q2, k2
T )f(

x

x′
, k2

T ) (12)

where the function F̂ 0
L(x

′, Q2, k2
T ) can be regarded as the longitudinal structure function of the

off-shell gluon with virtuality k2
T . It corresponds to the quark box (and crossed-box) diagrams

in the upper part of the diagram in fig.3 and is given by the following formula:

F̂ 0
L(x

′, Q2, k2
T ) =

Q4

π2k2
T

∑

q

e2q

∫ 1

0
dβ
∫

d2κ′

Tx
′δ



x′
−

(

1 +
κ′2
T +m2

q

β(1− β)Q2
+

k2
T

Q2

)−1


× (13)

4

interacting gluons. Both the diagonal and non–diagonal transitions in this rescattering are
included. We assume that equations (1,2) embody (at least in the average sense and as far as
the position of the singularities in the Q2 plane are concerned) also the virtual vector meson

contributions which couple to virtual photons. This will fix the magnitude of the corresponding
quark mass parameters to bem2

q ≈ m2
v/4 wheremv denotes the mass of the lightest vector meson

corresponding to the qq̄ pair.

The integration limits in (2) are constrained by the condition:

yq < 1 (8)

The condition yq > x is automatically satisfied (see eq.(5) )

The unintegrated gluon distribution f(x, k2) should in principle be obtained from the solu-
tion of the Balitzkij–Fadin–Kuraev–Lipatov (BFKL) equation [26, 27]. In our calculations we

shall use the following approximation,

f(y, k2
T ) = y

∂gAP (y,Q2)

∂lnQ2

∣

∣

∣

∣

∣

Q2=k2
T

(9)

where gAP (y,Q2) satisfies the conventional (LO or NLO) Altarelli-Parisi equations. In this
approximation one neglects the higher order small x resummation effects in the gluon anomalous

dimension. The gluon anomalous dimension γgg(αs,ω) is the moment of the splitting function
Pgg(z),

γgg(αs,ω) =
∫ 1

0
dzzωPgg(z,αs) . (10)

The BFKL equation effectively resums the leading powers of αs/ω i.e.

γgg(αs,ω) =
ᾱs

ω
+
∑

n=4

Dn

(

ᾱs

ω

)n

(11)

(ᾱs = 3αs/π), where the coefficients Dn can be calculated from the kernel of the BFKL equation
[28]. It should be noted that the sum on the right–hand–side of (11) only starts at n = 4. As a

result it affects the evolution of gluon distribution (and of observable quantities) only at very
small values of x (x < 10−4). In our approximation this contribution is neglected.

Expression (1) can be represented in the following ”kt factorized” form:

FL(x,Q
2) =

∫ 1

x

dx′

x′

∫ dk2
T

k2
T

F̂ 0
L(x

′, Q2, k2
T )f(

x

x′
, k2

T ) (12)

where the function F̂ 0
L(x

′, Q2, k2
T ) can be regarded as the longitudinal structure function of the

off-shell gluon with virtuality k2
T . It corresponds to the quark box (and crossed-box) diagrams

in the upper part of the diagram in fig.3 and is given by the following formula:

F̂ 0
L(x

′, Q2, k2
T ) =

Q4

π2k2
T

∑

q

e2q

∫ 1

0
dβ
∫

d2κ′

Tx
′δ



x′
−

(

1 +
κ′2
T +m2

q

β(1− β)Q2
+

k2
T

Q2

)−1


× (13)

4
× αsβ

2(1− β)2(
1

D1q
−

1

D2q
)2 (14)

where D1q, D2q are defined by equation (3). The leading twist part of the kt factorization
formula can be rewritten in a collinear factorized form:

FL(x,Q
2) =

∫ 1

x

dx′

x′
CL(x

′, Q2,αs(Q
2))

x′

x
g(
x′

x
,Q2) (15)

where the leading powers of αsln(x′), (αsln(x/x′)) have been resummed in CL(x′, Q2, ᾱs(Q2)),
(x/x′g(x/x′, Q2)). Thus for instance the moment function

C̄L(ω, Q
2,αs(Q

2)) ≡
∫ 1

0

dz

z
zωCL(z, Q

2,αs(Q
2)) (16)

is related to the moment function F̃ 0
L(ω, γ), by

C̄L(ω, Q
2,αs(Q

2)) = γgg(αs,ω)F̃
0
L(ω, γ = γgg(αs,ω)) , (17)

where

F̄ 0
L(ω, Q

2) =
1

2πi

∫ 1/2+i∞

1/2−i∞
dγF̃ 0

L(ω, γ)

(

Q2

k2
T

)γ

(18)

F̄ 0
L(ω, Q

2) =
∫ 1

0

dx

x
xωF̂ 0

L(x,Q
2) .

Our approximation corresponds to setting γgg = ᾱs/ω. It correctly generates the first three

corrections to CL which are presumably most important at moderately small values of x.

In the ”on-shell” approximation one sets k2
T = 0 in the argument of F̂ 0

L(x
′, Q2, k2

T ) and

restricts the integration over k2
T to the region k2

T $ κ′2
T ∼ Q2. After taking into account (7)

the structure function FL can be expressed in terms of the conventional gluon distribution
yg(y,Q2),

Iq(x,Q
2) = π

∫ 1

0
dβ
∫

dκ′2
Tαs(Q

2)β2(1− β)2
κ′2
T

D4
q

yqg(yq, Q
2) (19)

where now

yq = x

(

1 +
κ′2
T +m2

q

β(1− β)Q2

)

(20)

and

Dq = κ′2
T + β(1− β)Q2 +m2

q . (21)

In order to extrapolate the formula (1) to the low Q2 region (with Iq given by (2) or (19))
we have to freeze the evolution of g(y,Q2) and freeze the argument of αs(Q2). To this end we

substitute Q2 + 4m2
q instead of Q2 as the argument of αs and of yg(y,Q2). This substitution

may be justified by analyticity arguments i.e. we want Iq to have ”threshold” singularities

for Q2 < −4m2
q . Moreover, for heavy quarks, it is the heavy mass squared and not Q2 which

should control the scale of αs and of the parton distributions for moderately large values of Q2.
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in fig.3. The structure function FL obtained from the diagram of fig.3 is given by [25] :

FL(x,Q
2) = 2

Q4

π2

∑

q

e2qIq(x,Q
2) (1)

where,

Iq(x,Q
2) =

∫ dk2
T

k4
T

∫ 1

0
dβ
∫

d2κ′

Tαsβ
2(1− β)2

1

2
(

1

D1q
−

1

D2q
)2f(yq, k

2
T ) (2)

and
D1q = κ2

T + β(1− β)Q2 +m2
q

D2q = (κT − kT )
2 + β(1− β)Q2 +m2

q . (3)

αs is the QCD coupling and its argument will be specified later. The transverse momentum

κ′

T
and the variables yq are defined as follows:

κ′

T
= κT − (1− β)kT (4)

yq = x

(

1 +
κ′2
T +m2

q

β(1− β)Q2
+

k2
T

Q2

)

(5)

where κT is the transverse momentum of the quark(antiquark) in the quark box (see fig.3).
The variable β is the corresponding Sudakov parameter appearing in the quark momentum

decomposition into the basic lightlike four vectors, p′ and q′,

κ = xqp
′
− βq′ + κT

xq = x

(

1 +
m2

q + κ2
T

(1− β)Q2

)

p′ = p−
M2x

Q2
q (6)

q′ = q + xp

where M denotes the nucleon mass. The function f(y, k2) is the so – called unintegrated gluon

distribution. It is related to the (scale dependent) gluon distribution g(y, µ2) by

yg(y, µ2) =
∫ µ2 dk2

T

k2
T

f(y, k2
T ) . (7)

The parameters mq are the masses of the quarks. It should be noted that the integrals
Iq defined by (2) are infrared finite even if we set mq = 0. The non-zero values of the quark
masses are however necessary if formula (1) is extrapolated down to Q2 = 0 respecting the

kinematical constraint FL ∼ Q4. The non-zero quark masses then play the role of the infrared
regulator. It should be noticed that the expressions (1,2) define FL as an analytic function

of Q2 except for the cut Q2 < −4m2
q . Equation (2) can be interpreted as representing the

rescattering of the qq̄ fluctuation of the virtual photon through the exchange of two and more

3

Exact kinematics
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Model for higher twist

­
«
«
®

«
«
¬

­
«
«
«
«
«
«
«
«
«
«
«
«
®

«
«
«
«
«
«
«
«
«
«
«
«
¬x / x’, kT

2

Q2

FL ^ 0   2k 

f

Fig.3

Large quark transverse momenta:

Small  quark transverse momenta:

2 > 2
0
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• Use standard kT factorization formula

2 < 2
0
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↵sxg(x,Q
2) ! A
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3 A model for the higher twist contribution to FL

The phenomenological description of the experimental data for the ratio R(x,Q2) in the region
of moderately large values of Q2 and large values of x (x > 0.1) requires a significant higher

twist contribution, i.e. the term which vanishes as 1/Q2 for Q2
→ ∞ [15, 19, 20].

In this section we present the phenomenological model for FL which takes into account the
higher twist effect. The idea is to treat the contributions from the regions of low and high

values of quark transverse momenta in different ways. That is we divide the integration over
κ′2
T into two parts: the region 0 < κ′2

T < κ′2
0T , and κ′2

T > κ′2
0T , where κ′2

0T is an arbitrary cut-off,
chosen to be of the order of 1 GeV2.

We leave unchanged the contribution coming from the high κ′2
T region whereas in the low κ′2

T

region, which is presumably dominated by the soft physics, we use the ”on-shell” approximation
and make the substitution:

αszg(z, Q
2) → A . (28)

This gives the following representation of the higher twist contribution to FL:

FHT
L = 2A

∑

q

e2q
Q4

π

∫ 1

0
dββ2(1− β)2

∫ κ′2

0T

0
dκ′2

T

κ′2
T

D4
q

(29)

where Dq has been defined in (21). The constant A is not a free parameter. We estimate it

from F2 assuming that the non-perturbative contribution to F2 in the scaling region also comes
from the region of low values of κ′2

T and is controlled by the same parameter. The term FHT
L

can be interpreted as representing the contribution of soft pomeron exchange with intercept
equal to 1.

It should be noted that FHT
L given by equation (29) will vanish as 1/Q2 in the high Q2 limit

(modulo logarithmically varying factors). We call it therefore a ”higher twist contribution”. It

should be noticed that this term will also respect the kinematical constraint FL ∼ Q4 in the
limit Q2

→ 0.

The corresponding formula describing the photon - gluon contribution to the structure

function FT is

FT (x,Q
2) = 2

∑

q

e2q
Q2

4π
αs

∫ 1

0
dβ
∫

dκ′2
T

x

x′
g(

x

x′
, Q2)×

×

[

β2 + (1− β)2

2

(

1

D2
q

−
2κ′2

T

D3
q

+
2κ2

Tκ
′2
T

D4
q

)

+
m2

qκ
′2
T

D4
q

]

. (30)

We integrate this expression over the low κ′2
T region (κ′2

T < κ′2
0T ) after substituting αszg → A and

retain its limiting value as Q2
→ ∞. We identify this contribution to FT with the ”background”

term FBg
2 of ref.[29] i.e.:

FBg
2 = A×

∑

q e
2
q

π

∫

∞

0
dt
∫ κ′2

0T

0
dκ′2

T

[

1

2

(

1

D2
q

−
2κ′2

T

D3
q

+
2κ2

Tκ
′2
T

D4
q

)

+
m2

qκ
′2
T

D4
q

]

(31)
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• Make on-shell approximation

• Make ansatz


× αsβ
2(1− β)2(

1

D1q
−

1

D2q
)2 (14)

where D1q, D2q are defined by equation (3). The leading twist part of the kt factorization
formula can be rewritten in a collinear factorized form:

FL(x,Q
2) =

∫ 1

x

dx′

x′
CL(x

′, Q2,αs(Q
2))

x′

x
g(
x′

x
,Q2) (15)

where the leading powers of αsln(x′), (αsln(x/x′)) have been resummed in CL(x′, Q2, ᾱs(Q2)),
(x/x′g(x/x′, Q2)). Thus for instance the moment function

C̄L(ω, Q
2,αs(Q

2)) ≡
∫ 1

0

dz

z
zωCL(z, Q

2,αs(Q
2)) (16)

is related to the moment function F̃ 0
L(ω, γ), by

C̄L(ω, Q
2,αs(Q

2)) = γgg(αs,ω)F̃
0
L(ω, γ = γgg(αs,ω)) , (17)

where

F̄ 0
L(ω, Q

2) =
1

2πi

∫ 1/2+i∞

1/2−i∞
dγF̃ 0

L(ω, γ)

(

Q2

k2
T

)γ

(18)

F̄ 0
L(ω, Q

2) =
∫ 1

0

dx

x
xωF̂ 0

L(x,Q
2) .

Our approximation corresponds to setting γgg = ᾱs/ω. It correctly generates the first three

corrections to CL which are presumably most important at moderately small values of x.

In the ”on-shell” approximation one sets k2
T = 0 in the argument of F̂ 0

L(x
′, Q2, k2

T ) and

restricts the integration over k2
T to the region k2

T $ κ′2
T ∼ Q2. After taking into account (7)

the structure function FL can be expressed in terms of the conventional gluon distribution
yg(y,Q2),

Iq(x,Q
2) = π

∫ 1

0
dβ
∫

dκ′2
Tαs(Q

2)β2(1− β)2
κ′2
T

D4
q

yqg(yq, Q
2) (19)

where now

yq = x

(

1 +
κ′2
T +m2

q

β(1− β)Q2

)

(20)

and

Dq = κ′2
T + β(1− β)Q2 +m2

q . (21)

In order to extrapolate the formula (1) to the low Q2 region (with Iq given by (2) or (19))
we have to freeze the evolution of g(y,Q2) and freeze the argument of αs(Q2). To this end we

substitute Q2 + 4m2
q instead of Q2 as the argument of αs and of yg(y,Q2). This substitution

may be justified by analyticity arguments i.e. we want Iq to have ”threshold” singularities

for Q2 < −4m2
q . Moreover, for heavy quarks, it is the heavy mass squared and not Q2 which

should control the scale of αs and of the parton distributions for moderately large values of Q2.
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Higher twist contribution: ⇠ 1/Q2
<latexit sha1_base64="Nv84j8WXbZZgaMRDhpoEF02g3OA=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmLiCXeJiR6JXjxC4gIRVtItXWhou5u2a0I2/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38789hNVmsXy3kwSGgg8lCxiBBsrPfQ0E8i7aD7W+uWKW3XnQKvEy0kFcjT65a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJtfPEVnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEb/nlVdKqVT236jUvK/WbPI4inMApnIMHV1CHO2iADwQkPMMrvDnaeXHenY9Fa8HJZ47hD5zPHyFJj+Q=</latexit><latexit sha1_base64="Nv84j8WXbZZgaMRDhpoEF02g3OA=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmLiCXeJiR6JXjxC4gIRVtItXWhou5u2a0I2/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38789hNVmsXy3kwSGgg8lCxiBBsrPfQ0E8i7aD7W+uWKW3XnQKvEy0kFcjT65a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJtfPEVnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEb/nlVdKqVT236jUvK/WbPI4inMApnIMHV1CHO2iADwQkPMMrvDnaeXHenY9Fa8HJZ47hD5zPHyFJj+Q=</latexit><latexit sha1_base64="Nv84j8WXbZZgaMRDhpoEF02g3OA=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmLiCXeJiR6JXjxC4gIRVtItXWhou5u2a0I2/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38789hNVmsXy3kwSGgg8lCxiBBsrPfQ0E8i7aD7W+uWKW3XnQKvEy0kFcjT65a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJtfPEVnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEb/nlVdKqVT236jUvK/WbPI4inMApnIMHV1CHO2iADwQkPMMrvDnaeXHenY9Fa8HJZ47hD5zPHyFJj+Q=</latexit><latexit sha1_base64="Nv84j8WXbZZgaMRDhpoEF02g3OA=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmLiCXeJiR6JXjxC4gIRVtItXWhou5u2a0I2/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38789hNVmsXy3kwSGgg8lCxiBBsrPfQ0E8i7aD7W+uWKW3XnQKvEy0kFcjT65a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJtfPEVnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEb/nlVdKqVT236jUvK/WbPI4inMApnIMHV1CHO2iADwQkPMMrvDnaeXHenY9Fa8HJZ47hD5zPHyFJj+Q=</latexit>
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Q2 ! 0
<latexit sha1_base64="GVo3P3/zelm51/BqxBSIZeaHVJM=">AAAB+nicbVBNTwIxEO3iF+LXokcvjcTEE9klJnokevEIiXwkgKRbutDQbTftrISs/BQvHjTGq7/Em//GAntQ8CWTvLw3k5l5QSy4Ac/7dnIbm1vbO/ndwt7+weGRWzxuGpVoyhpUCaXbATFMcMkawEGwdqwZiQLBWsH4du63Hpk2XMl7mMasF5Gh5CGnBKzUd4v1hwruaj4cAdFaTbDXd0te2VsArxM/IyWUodZ3v7oDRZOISaCCGNPxvRh6KdHAqWCzQjcxLCZ0TIasY6kkETO9dHH6DJ9bZYBDpW1JwAv190RKImOmUWA7IwIjs+rNxf+8TgLhdS/lMk6ASbpcFCYCg8LzHPCAa0ZBTC0hVHN7K6YjogkFm1bBhuCvvrxOmpWy75X9+mWpepPFkUen6AxdIB9doSq6QzXUQBRN0DN6RW/Ok/PivDsfy9ack82coD9wPn8AL/STSw==</latexit><latexit sha1_base64="GVo3P3/zelm51/BqxBSIZeaHVJM=">AAAB+nicbVBNTwIxEO3iF+LXokcvjcTEE9klJnokevEIiXwkgKRbutDQbTftrISs/BQvHjTGq7/Em//GAntQ8CWTvLw3k5l5QSy4Ac/7dnIbm1vbO/ndwt7+weGRWzxuGpVoyhpUCaXbATFMcMkawEGwdqwZiQLBWsH4du63Hpk2XMl7mMasF5Gh5CGnBKzUd4v1hwruaj4cAdFaTbDXd0te2VsArxM/IyWUodZ3v7oDRZOISaCCGNPxvRh6KdHAqWCzQjcxLCZ0TIasY6kkETO9dHH6DJ9bZYBDpW1JwAv190RKImOmUWA7IwIjs+rNxf+8TgLhdS/lMk6ASbpcFCYCg8LzHPCAa0ZBTC0hVHN7K6YjogkFm1bBhuCvvrxOmpWy75X9+mWpepPFkUen6AxdIB9doSq6QzXUQBRN0DN6RW/Ok/PivDsfy9ack82coD9wPn8AL/STSw==</latexit><latexit sha1_base64="GVo3P3/zelm51/BqxBSIZeaHVJM=">AAAB+nicbVBNTwIxEO3iF+LXokcvjcTEE9klJnokevEIiXwkgKRbutDQbTftrISs/BQvHjTGq7/Em//GAntQ8CWTvLw3k5l5QSy4Ac/7dnIbm1vbO/ndwt7+weGRWzxuGpVoyhpUCaXbATFMcMkawEGwdqwZiQLBWsH4du63Hpk2XMl7mMasF5Gh5CGnBKzUd4v1hwruaj4cAdFaTbDXd0te2VsArxM/IyWUodZ3v7oDRZOISaCCGNPxvRh6KdHAqWCzQjcxLCZ0TIasY6kkETO9dHH6DJ9bZYBDpW1JwAv190RKImOmUWA7IwIjs+rNxf+8TgLhdS/lMk6ASbpcFCYCg8LzHPCAa0ZBTC0hVHN7K6YjogkFm1bBhuCvvrxOmpWy75X9+mWpepPFkUen6AxdIB9doSq6QzXUQBRN0DN6RW/Ok/PivDsfy9ack82coD9wPn8AL/STSw==</latexit><latexit sha1_base64="GVo3P3/zelm51/BqxBSIZeaHVJM=">AAAB+nicbVBNTwIxEO3iF+LXokcvjcTEE9klJnokevEIiXwkgKRbutDQbTftrISs/BQvHjTGq7/Em//GAntQ8CWTvLw3k5l5QSy4Ac/7dnIbm1vbO/ndwt7+weGRWzxuGpVoyhpUCaXbATFMcMkawEGwdqwZiQLBWsH4du63Hpk2XMl7mMasF5Gh5CGnBKzUd4v1hwruaj4cAdFaTbDXd0te2VsArxM/IyWUodZ3v7oDRZOISaCCGNPxvRh6KdHAqWCzQjcxLCZ0TIasY6kkETO9dHH6DJ9bZYBDpW1JwAv190RKImOmUWA7IwIjs+rNxf+8TgLhdS/lMk6ASbpcFCYCg8LzHPCAa0ZBTC0hVHN7K6YjogkFm1bBhuCvvrxOmpWy75X9+mWpepPFkUen6AxdIB9doSq6QzXUQBRN0DN6RW/Ok/PivDsfy9ack82coD9wPn8AL/STSw==</latexit>

Q2 ! 1
<latexit sha1_base64="BlEUaZUqYN/KlOscdz3hQfbPX4M=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuix6MVjC/YDmlo22027dLMJuxMlxB78K148KOLVv+HNf+O2zUFbHww83pthZp4fC67Bcb6twsrq2vpGcbO0tb2zu2fvH7R0lCjKmjQSker4RDPBJWsCB8E6sWIk9AVr++Prqd++Z0rzSN5CGrNeSIaSB5wSMFLfPmrcVbGn+HAERKnoAXtcBpD27bJTcWbAy8TNSRnlqPftL28Q0SRkEqggWnddJ4ZeRhRwKtik5CWaxYSOyZB1DZUkZLqXze6f4FOjDHAQKVMS8Ez9PZGRUOs09E1nSGCkF72p+J/XTSC47GVcxgkwSeeLgkRgiPA0DDzgilEQqSGEKm5uxXREFKFgIiuZENzFl5dJq1pxnYrbOC/XrvI4iugYnaAz5KILVEM3qI6aiKJH9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx+XI5XT</latexit><latexit sha1_base64="BlEUaZUqYN/KlOscdz3hQfbPX4M=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuix6MVjC/YDmlo22027dLMJuxMlxB78K148KOLVv+HNf+O2zUFbHww83pthZp4fC67Bcb6twsrq2vpGcbO0tb2zu2fvH7R0lCjKmjQSker4RDPBJWsCB8E6sWIk9AVr++Prqd++Z0rzSN5CGrNeSIaSB5wSMFLfPmrcVbGn+HAERKnoAXtcBpD27bJTcWbAy8TNSRnlqPftL28Q0SRkEqggWnddJ4ZeRhRwKtik5CWaxYSOyZB1DZUkZLqXze6f4FOjDHAQKVMS8Ez9PZGRUOs09E1nSGCkF72p+J/XTSC47GVcxgkwSeeLgkRgiPA0DDzgilEQqSGEKm5uxXREFKFgIiuZENzFl5dJq1pxnYrbOC/XrvI4iugYnaAz5KILVEM3qI6aiKJH9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx+XI5XT</latexit><latexit sha1_base64="BlEUaZUqYN/KlOscdz3hQfbPX4M=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuix6MVjC/YDmlo22027dLMJuxMlxB78K148KOLVv+HNf+O2zUFbHww83pthZp4fC67Bcb6twsrq2vpGcbO0tb2zu2fvH7R0lCjKmjQSker4RDPBJWsCB8E6sWIk9AVr++Prqd++Z0rzSN5CGrNeSIaSB5wSMFLfPmrcVbGn+HAERKnoAXtcBpD27bJTcWbAy8TNSRnlqPftL28Q0SRkEqggWnddJ4ZeRhRwKtik5CWaxYSOyZB1DZUkZLqXze6f4FOjDHAQKVMS8Ez9PZGRUOs09E1nSGCkF72p+J/XTSC47GVcxgkwSeeLgkRgiPA0DDzgilEQqSGEKm5uxXREFKFgIiuZENzFl5dJq1pxnYrbOC/XrvI4iugYnaAz5KILVEM3qI6aiKJH9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx+XI5XT</latexit><latexit sha1_base64="BlEUaZUqYN/KlOscdz3hQfbPX4M=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuix6MVjC/YDmlo22027dLMJuxMlxB78K148KOLVv+HNf+O2zUFbHww83pthZp4fC67Bcb6twsrq2vpGcbO0tb2zu2fvH7R0lCjKmjQSker4RDPBJWsCB8E6sWIk9AVr++Prqd++Z0rzSN5CGrNeSIaSB5wSMFLfPmrcVbGn+HAERKnoAXtcBpD27bJTcWbAy8TNSRnlqPftL28Q0SRkEqggWnddJ4ZeRhRwKtik5CWaxYSOyZB1DZUkZLqXze6f4FOjDHAQKVMS8Ez9PZGRUOs09E1nSGCkF72p+J/XTSC47GVcxgkwSeeLgkRgiPA0DDzgilEQqSGEKm5uxXREFKFgIiuZENzFl5dJq1pxnYrbOC/XrvI4iugYnaAz5KILVEM3qI6aiKJH9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx+XI5XT</latexit>

when
when

Cutoff

k2T ! 0
<latexit sha1_base64="b99Ee9EqnHw40vBUlmXjmrhPpdM=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJIi6LHoxWOFfkEbw2a7aZduNmF3ooRQ/4oXD4p49Yd489+4bXPQ1gcDj/dmmJkXJIJrcJxva219Y3Nru7RT3t3bPzi0j447Ok4VZW0ai1j1AqKZ4JK1gYNgvUQxEgWCdYPJzczvPjCleSxbkCXMi8hI8pBTAkby7crEb93X8UDx0RiIUvEjdny76tScOfAqcQtSRQWavv01GMY0jZgEKojWfddJwMuJAk4Fm5YHqWYJoRMyYn1DJYmY9vL58VN8ZpQhDmNlSgKeq78nchJpnUWB6YwIjPWyNxP/8/ophFdezmWSApN0sShMBYYYz5LAQ64YBZEZQqji5lZMx0QRCiavsgnBXX55lXTqNdepuXcX1cZ1EUcJnaBTdI5cdIka6BY1URtRlKFn9IrerCfrxXq3Phata1YxU0F/YH3+AL8ElCw=</latexit><latexit sha1_base64="b99Ee9EqnHw40vBUlmXjmrhPpdM=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJIi6LHoxWOFfkEbw2a7aZduNmF3ooRQ/4oXD4p49Yd489+4bXPQ1gcDj/dmmJkXJIJrcJxva219Y3Nru7RT3t3bPzi0j447Ok4VZW0ai1j1AqKZ4JK1gYNgvUQxEgWCdYPJzczvPjCleSxbkCXMi8hI8pBTAkby7crEb93X8UDx0RiIUvEjdny76tScOfAqcQtSRQWavv01GMY0jZgEKojWfddJwMuJAk4Fm5YHqWYJoRMyYn1DJYmY9vL58VN8ZpQhDmNlSgKeq78nchJpnUWB6YwIjPWyNxP/8/ophFdezmWSApN0sShMBYYYz5LAQ64YBZEZQqji5lZMx0QRCiavsgnBXX55lXTqNdepuXcX1cZ1EUcJnaBTdI5cdIka6BY1URtRlKFn9IrerCfrxXq3Phata1YxU0F/YH3+AL8ElCw=</latexit><latexit sha1_base64="b99Ee9EqnHw40vBUlmXjmrhPpdM=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJIi6LHoxWOFfkEbw2a7aZduNmF3ooRQ/4oXD4p49Yd489+4bXPQ1gcDj/dmmJkXJIJrcJxva219Y3Nru7RT3t3bPzi0j447Ok4VZW0ai1j1AqKZ4JK1gYNgvUQxEgWCdYPJzczvPjCleSxbkCXMi8hI8pBTAkby7crEb93X8UDx0RiIUvEjdny76tScOfAqcQtSRQWavv01GMY0jZgEKojWfddJwMuJAk4Fm5YHqWYJoRMyYn1DJYmY9vL58VN8ZpQhDmNlSgKeq78nchJpnUWB6YwIjPWyNxP/8/ophFdezmWSApN0sShMBYYYz5LAQ64YBZEZQqji5lZMx0QRCiavsgnBXX55lXTqNdepuXcX1cZ1EUcJnaBTdI5cdIka6BY1URtRlKFn9IrerCfrxXq3Phata1YxU0F/YH3+AL8ElCw=</latexit><latexit sha1_base64="b99Ee9EqnHw40vBUlmXjmrhPpdM=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJIi6LHoxWOFfkEbw2a7aZduNmF3ooRQ/4oXD4p49Yd489+4bXPQ1gcDj/dmmJkXJIJrcJxva219Y3Nru7RT3t3bPzi0j447Ok4VZW0ai1j1AqKZ4JK1gYNgvUQxEgWCdYPJzczvPjCleSxbkCXMi8hI8pBTAkby7crEb93X8UDx0RiIUvEjdny76tScOfAqcQtSRQWavv01GMY0jZgEKojWfddJwMuJAk4Fm5YHqWYJoRMyYn1DJYmY9vL58VN8ZpQhDmNlSgKeq78nchJpnUWB6YwIjPWyNxP/8/ophFdezmWSApN0sShMBYYYz5LAQ64YBZEZQqji5lZMx0QRCiavsgnBXX55lXTqNdepuXcX1cZ1EUcJnaBTdI5cdIka6BY1URtRlKFn9IrerCfrxXq3Phata1YxU0F/YH3+AL8ElCw=</latexit>
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Model for HT cont’d 
Constant A is not free parameter. 

Estimate it from the F2  assuming the non-perturbative contribution 
also comes from the low quark transverse momenta. 


3 A model for the higher twist contribution to FL

The phenomenological description of the experimental data for the ratio R(x,Q2) in the region
of moderately large values of Q2 and large values of x (x > 0.1) requires a significant higher

twist contribution, i.e. the term which vanishes as 1/Q2 for Q2
→ ∞ [15, 19, 20].

In this section we present the phenomenological model for FL which takes into account the
higher twist effect. The idea is to treat the contributions from the regions of low and high

values of quark transverse momenta in different ways. That is we divide the integration over
κ′2
T into two parts: the region 0 < κ′2

T < κ′2
0T , and κ′2

T > κ′2
0T , where κ′2

0T is an arbitrary cut-off,
chosen to be of the order of 1 GeV2.

We leave unchanged the contribution coming from the high κ′2
T region whereas in the low κ′2

T

region, which is presumably dominated by the soft physics, we use the ”on-shell” approximation
and make the substitution:

αszg(z, Q
2) → A . (28)

This gives the following representation of the higher twist contribution to FL:

FHT
L = 2A

∑

q

e2q
Q4

π

∫ 1

0
dββ2(1− β)2

∫ κ′2

0T

0
dκ′2

T

κ′2
T

D4
q

(29)

where Dq has been defined in (21). The constant A is not a free parameter. We estimate it

from F2 assuming that the non-perturbative contribution to F2 in the scaling region also comes
from the region of low values of κ′2

T and is controlled by the same parameter. The term FHT
L

can be interpreted as representing the contribution of soft pomeron exchange with intercept
equal to 1.

It should be noted that FHT
L given by equation (29) will vanish as 1/Q2 in the high Q2 limit

(modulo logarithmically varying factors). We call it therefore a ”higher twist contribution”. It

should be noticed that this term will also respect the kinematical constraint FL ∼ Q4 in the
limit Q2

→ 0.

The corresponding formula describing the photon - gluon contribution to the structure

function FT is

FT (x,Q
2) = 2

∑

q

e2q
Q2

4π
αs

∫ 1

0
dβ
∫

dκ′2
T

x

x′
g(

x

x′
, Q2)×

×

[

β2 + (1− β)2

2

(

1

D2
q

−
2κ′2

T

D3
q

+
2κ2

Tκ
′2
T

D4
q

)

+
m2

qκ
′2
T

D4
q

]

. (30)

We integrate this expression over the low κ′2
T region (κ′2

T < κ′2
0T ) after substituting αszg → A and

retain its limiting value as Q2
→ ∞. We identify this contribution to FT with the ”background”

term FBg
2 of ref.[29] i.e.:

FBg
2 = A×

∑

q e
2
q

π

∫

∞

0
dt
∫ κ′2

0T

0
dκ′2

T

[

1

2

(

1

D2
q

−
2κ′2

T

D3
q

+
2κ2

Tκ
′2
T

D4
q

)

+
m2

qκ
′2
T

D4
q

]

(31)
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3 A model for the higher twist contribution to FL

The phenomenological description of the experimental data for the ratio R(x,Q2) in the region
of moderately large values of Q2 and large values of x (x > 0.1) requires a significant higher

twist contribution, i.e. the term which vanishes as 1/Q2 for Q2
→ ∞ [15, 19, 20].

In this section we present the phenomenological model for FL which takes into account the
higher twist effect. The idea is to treat the contributions from the regions of low and high

values of quark transverse momenta in different ways. That is we divide the integration over
κ′2
T into two parts: the region 0 < κ′2

T < κ′2
0T , and κ′2

T > κ′2
0T , where κ′2

0T is an arbitrary cut-off,
chosen to be of the order of 1 GeV2.

We leave unchanged the contribution coming from the high κ′2
T region whereas in the low κ′2

T

region, which is presumably dominated by the soft physics, we use the ”on-shell” approximation
and make the substitution:

αszg(z, Q
2) → A . (28)

This gives the following representation of the higher twist contribution to FL:

FHT
L = 2A

∑

q

e2q
Q4

π

∫ 1

0
dββ2(1− β)2

∫ κ′2

0T

0
dκ′2

T

κ′2
T

D4
q

(29)

where Dq has been defined in (21). The constant A is not a free parameter. We estimate it

from F2 assuming that the non-perturbative contribution to F2 in the scaling region also comes
from the region of low values of κ′2

T and is controlled by the same parameter. The term FHT
L

can be interpreted as representing the contribution of soft pomeron exchange with intercept
equal to 1.

It should be noted that FHT
L given by equation (29) will vanish as 1/Q2 in the high Q2 limit

(modulo logarithmically varying factors). We call it therefore a ”higher twist contribution”. It

should be noticed that this term will also respect the kinematical constraint FL ∼ Q4 in the
limit Q2

→ 0.

The corresponding formula describing the photon - gluon contribution to the structure

function FT is

FT (x,Q
2) = 2

∑

q

e2q
Q2

4π
αs

∫ 1

0
dβ
∫

dκ′2
T

x

x′
g(

x

x′
, Q2)×

×

[

β2 + (1− β)2

2

(

1

D2
q

−
2κ′2

T

D3
q

+
2κ2

Tκ
′2
T

D4
q

)

+
m2

qκ
′2
T

D4
q

]

. (30)

We integrate this expression over the low κ′2
T region (κ′2

T < κ′2
0T ) after substituting αszg → A and

retain its limiting value as Q2
→ ∞. We identify this contribution to FT with the ”background”

term FBg
2 of ref.[29] i.e.:

FBg
2 = A×

∑

q e
2
q

π

∫

∞

0
dt
∫ κ′2

0T

0
dκ′2

T

[

1

2

(

1

D2
q

−
2κ′2

T

D3
q

+
2κ2

Tκ
′2
T

D4
q

)

+
m2

qκ
′2
T

D4
q

]

(31)
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Integrate over low quark transverse momentum 2 < 2
0

<latexit sha1_base64="zd74p82zIUfK3GBT+bXcjjl3Glc=">AAAB/nicbZDLSgMxFIbPeK31Niqu3ASL4KrMFEEXLopuXFawF2inQyZN29BMJiQZoQwFX8WNC0Xc+hzufBvTdhba+kPg4z/ncE7+SHKmjed9Oyura+sbm4Wt4vbO7t6+e3DY0EmqCK2ThCeqFWFNORO0bpjhtCUVxXHEaTMa3U7rzUeqNEvEgxlLGsR4IFifEWysFbrHnRGWEncr6BrNMfS6ldAteWVvJrQMfg4lyFUL3a9OLyFpTIUhHGvd9j1pggwrwwink2In1VRiMsID2rYocEx1kM3On6Az6/RQP1H2CYNm7u+JDMdaj+PIdsbYDPVibWr+V2unpn8VZEzI1FBB5ov6KUcmQdMsUI8pSgwfW8BEMXsrIkOsMDE2saINwV/88jI0KmXfK/v3F6XqTR5HAU7gFM7Bh0uowh3UoA4EMniGV3hznpwX5935mLeuOPnMEfyR8/kDbNiUeg==</latexit><latexit sha1_base64="zd74p82zIUfK3GBT+bXcjjl3Glc=">AAAB/nicbZDLSgMxFIbPeK31Niqu3ASL4KrMFEEXLopuXFawF2inQyZN29BMJiQZoQwFX8WNC0Xc+hzufBvTdhba+kPg4z/ncE7+SHKmjed9Oyura+sbm4Wt4vbO7t6+e3DY0EmqCK2ThCeqFWFNORO0bpjhtCUVxXHEaTMa3U7rzUeqNEvEgxlLGsR4IFifEWysFbrHnRGWEncr6BrNMfS6ldAteWVvJrQMfg4lyFUL3a9OLyFpTIUhHGvd9j1pggwrwwink2In1VRiMsID2rYocEx1kM3On6Az6/RQP1H2CYNm7u+JDMdaj+PIdsbYDPVibWr+V2unpn8VZEzI1FBB5ov6KUcmQdMsUI8pSgwfW8BEMXsrIkOsMDE2saINwV/88jI0KmXfK/v3F6XqTR5HAU7gFM7Bh0uowh3UoA4EMniGV3hznpwX5935mLeuOPnMEfyR8/kDbNiUeg==</latexit><latexit sha1_base64="zd74p82zIUfK3GBT+bXcjjl3Glc=">AAAB/nicbZDLSgMxFIbPeK31Niqu3ASL4KrMFEEXLopuXFawF2inQyZN29BMJiQZoQwFX8WNC0Xc+hzufBvTdhba+kPg4z/ncE7+SHKmjed9Oyura+sbm4Wt4vbO7t6+e3DY0EmqCK2ThCeqFWFNORO0bpjhtCUVxXHEaTMa3U7rzUeqNEvEgxlLGsR4IFifEWysFbrHnRGWEncr6BrNMfS6ldAteWVvJrQMfg4lyFUL3a9OLyFpTIUhHGvd9j1pggwrwwink2In1VRiMsID2rYocEx1kM3On6Az6/RQP1H2CYNm7u+JDMdaj+PIdsbYDPVibWr+V2unpn8VZEzI1FBB5ov6KUcmQdMsUI8pSgwfW8BEMXsrIkOsMDE2saINwV/88jI0KmXfK/v3F6XqTR5HAU7gFM7Bh0uowh3UoA4EMniGV3hznpwX5935mLeuOPnMEfyR8/kDbNiUeg==</latexit><latexit sha1_base64="zd74p82zIUfK3GBT+bXcjjl3Glc=">AAAB/nicbZDLSgMxFIbPeK31Niqu3ASL4KrMFEEXLopuXFawF2inQyZN29BMJiQZoQwFX8WNC0Xc+hzufBvTdhba+kPg4z/ncE7+SHKmjed9Oyura+sbm4Wt4vbO7t6+e3DY0EmqCK2ThCeqFWFNORO0bpjhtCUVxXHEaTMa3U7rzUeqNEvEgxlLGsR4IFifEWysFbrHnRGWEncr6BrNMfS6ldAteWVvJrQMfg4lyFUL3a9OLyFpTIUhHGvd9j1pggwrwwink2In1VRiMsID2rYocEx1kM3On6Az6/RQP1H2CYNm7u+JDMdaj+PIdsbYDPVibWr+V2unpn8VZEzI1FBB5ov6KUcmQdMsUI8pSgwfW8BEMXsrIkOsMDE2saINwV/88jI0KmXfK/v3F6XqTR5HAU7gFM7Bh0uowh3UoA4EMniGV3hznpwX5935mLeuOPnMEfyR8/kDbNiUeg==</latexit>

Again assume ↵sxg(x,Q
2) ! A

<latexit sha1_base64="aJ04b9JMVgDf/i7hg3FogpSf2eI=">AAACCHicbVDLSgNBEJyNrxhfqx49OBiECBJ2g6DHqBePCZgHZNfQO5lNhsw+mJnVhJCjF3/FiwdFvPoJ3vwbJ8keNLGgoajqprvLizmTyrK+jczS8srqWnY9t7G5tb1j7u7VZZQIQmsk4pFoeiApZyGtKaY4bcaCQuBx2vD61xO/cU+FZFF4q4YxdQPohsxnBJSW2uahAzzuQVviQbcwOK3elU4cwbo9BUJED/iybeatojUFXiR2SvIoRaVtfjmdiCQBDRXhIGXLtmLljkAoRjgd55xE0hhIH7q0pWkIAZXuaPrIGB9rpYP9SOgKFZ6qvydGEEg5DDzdGYDqyXlvIv7ntRLlX7gjFsaJoiGZLfITjlWEJ6ngDhOUKD7UBIhg+lZMeiCAKJ1dTodgz7+8SOqlom0V7epZvnyVxpFFB+gIFZCNzlEZ3aAKqiGCHtEzekVvxpPxYrwbH7PWjJHO7KM/MD5/AGsmmPA=</latexit><latexit sha1_base64="aJ04b9JMVgDf/i7hg3FogpSf2eI=">AAACCHicbVDLSgNBEJyNrxhfqx49OBiECBJ2g6DHqBePCZgHZNfQO5lNhsw+mJnVhJCjF3/FiwdFvPoJ3vwbJ8keNLGgoajqprvLizmTyrK+jczS8srqWnY9t7G5tb1j7u7VZZQIQmsk4pFoeiApZyGtKaY4bcaCQuBx2vD61xO/cU+FZFF4q4YxdQPohsxnBJSW2uahAzzuQVviQbcwOK3elU4cwbo9BUJED/iybeatojUFXiR2SvIoRaVtfjmdiCQBDRXhIGXLtmLljkAoRjgd55xE0hhIH7q0pWkIAZXuaPrIGB9rpYP9SOgKFZ6qvydGEEg5DDzdGYDqyXlvIv7ntRLlX7gjFsaJoiGZLfITjlWEJ6ngDhOUKD7UBIhg+lZMeiCAKJ1dTodgz7+8SOqlom0V7epZvnyVxpFFB+gIFZCNzlEZ3aAKqiGCHtEzekVvxpPxYrwbH7PWjJHO7KM/MD5/AGsmmPA=</latexit><latexit sha1_base64="aJ04b9JMVgDf/i7hg3FogpSf2eI=">AAACCHicbVDLSgNBEJyNrxhfqx49OBiECBJ2g6DHqBePCZgHZNfQO5lNhsw+mJnVhJCjF3/FiwdFvPoJ3vwbJ8keNLGgoajqprvLizmTyrK+jczS8srqWnY9t7G5tb1j7u7VZZQIQmsk4pFoeiApZyGtKaY4bcaCQuBx2vD61xO/cU+FZFF4q4YxdQPohsxnBJSW2uahAzzuQVviQbcwOK3elU4cwbo9BUJED/iybeatojUFXiR2SvIoRaVtfjmdiCQBDRXhIGXLtmLljkAoRjgd55xE0hhIH7q0pWkIAZXuaPrIGB9rpYP9SOgKFZ6qvydGEEg5DDzdGYDqyXlvIv7ntRLlX7gjFsaJoiGZLfITjlWEJ6ngDhOUKD7UBIhg+lZMeiCAKJ1dTodgz7+8SOqlom0V7epZvnyVxpFFB+gIFZCNzlEZ3aAKqiGCHtEzekVvxpPxYrwbH7PWjJHO7KM/MD5/AGsmmPA=</latexit><latexit sha1_base64="aJ04b9JMVgDf/i7hg3FogpSf2eI=">AAACCHicbVDLSgNBEJyNrxhfqx49OBiECBJ2g6DHqBePCZgHZNfQO5lNhsw+mJnVhJCjF3/FiwdFvPoJ3vwbJ8keNLGgoajqprvLizmTyrK+jczS8srqWnY9t7G5tb1j7u7VZZQIQmsk4pFoeiApZyGtKaY4bcaCQuBx2vD61xO/cU+FZFF4q4YxdQPohsxnBJSW2uahAzzuQVviQbcwOK3elU4cwbo9BUJED/iybeatojUFXiR2SvIoRaVtfjmdiCQBDRXhIGXLtmLljkAoRjgd55xE0hhIH7q0pWkIAZXuaPrIGB9rpYP9SOgKFZ6qvydGEEg5DDzdGYDqyXlvIv7ntRLlX7gjFsaJoiGZLfITjlWEJ6ngDhOUKD7UBIhg+lZMeiCAKJ1dTodgz7+8SOqlom0V7epZvnyVxpFFB+gIFZCNzlEZ3aAKqiGCHtEzekVvxpPxYrwbH7PWjJHO7KM/MD5/AGsmmPA=</latexit>

Set the background (soft) contribution (from separate analysis)

F bg
2 ! 0.4

<latexit sha1_base64="6OO21J3Vlf0rQHklr7NlO3cuZZM=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Ckkp6LIoiMsK9gFtDJPpJB06kwkzE6WEbtz4K25cKOLWf3Dn3zhts9DWAxcO59zLvfeEKaNKu+63tbS8srq2Xtoob25t7+zae/stJTKJSRMLJmQnRIowmpCmppqRTioJ4iEj7XB4OfHb90QqKpJbPUqJz1Gc0IhipI0U2EdXQfUu70kOw3gMe5LGA42kFA/QdWqBXXEddwq4SLyCVECBRmB/9foCZ5wkGjOkVNdzU+3nSGqKGRmXe5kiKcJDFJOuoQniRPn59IsxPDFKH0ZCmko0nKq/J3LElRrx0HRypAdq3puI/3ndTEfnfk6TNNMkwbNFUcagFnASCexTSbBmI0MQltTcCvEASYS1Ca5sQvDmX14krarjuY53U6vUL4o4SuAQHINT4IEzUAfXoAGaAINH8AxewZv1ZL1Y79bHrHXJKmYOwB9Ynz/sFpeL</latexit><latexit sha1_base64="6OO21J3Vlf0rQHklr7NlO3cuZZM=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Ckkp6LIoiMsK9gFtDJPpJB06kwkzE6WEbtz4K25cKOLWf3Dn3zhts9DWAxcO59zLvfeEKaNKu+63tbS8srq2Xtoob25t7+zae/stJTKJSRMLJmQnRIowmpCmppqRTioJ4iEj7XB4OfHb90QqKpJbPUqJz1Gc0IhipI0U2EdXQfUu70kOw3gMe5LGA42kFA/QdWqBXXEddwq4SLyCVECBRmB/9foCZ5wkGjOkVNdzU+3nSGqKGRmXe5kiKcJDFJOuoQniRPn59IsxPDFKH0ZCmko0nKq/J3LElRrx0HRypAdq3puI/3ndTEfnfk6TNNMkwbNFUcagFnASCexTSbBmI0MQltTcCvEASYS1Ca5sQvDmX14krarjuY53U6vUL4o4SuAQHINT4IEzUAfXoAGaAINH8AxewZv1ZL1Y79bHrHXJKmYOwB9Ynz/sFpeL</latexit><latexit sha1_base64="6OO21J3Vlf0rQHklr7NlO3cuZZM=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Ckkp6LIoiMsK9gFtDJPpJB06kwkzE6WEbtz4K25cKOLWf3Dn3zhts9DWAxcO59zLvfeEKaNKu+63tbS8srq2Xtoob25t7+zae/stJTKJSRMLJmQnRIowmpCmppqRTioJ4iEj7XB4OfHb90QqKpJbPUqJz1Gc0IhipI0U2EdXQfUu70kOw3gMe5LGA42kFA/QdWqBXXEddwq4SLyCVECBRmB/9foCZ5wkGjOkVNdzU+3nSGqKGRmXe5kiKcJDFJOuoQniRPn59IsxPDFKH0ZCmko0nKq/J3LElRrx0HRypAdq3puI/3ndTEfnfk6TNNMkwbNFUcagFnASCexTSbBmI0MQltTcCvEASYS1Ca5sQvDmX14krarjuY53U6vUL4o4SuAQHINT4IEzUAfXoAGaAINH8AxewZv1ZL1Y79bHrHXJKmYOwB9Ynz/sFpeL</latexit><latexit sha1_base64="6OO21J3Vlf0rQHklr7NlO3cuZZM=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Ckkp6LIoiMsK9gFtDJPpJB06kwkzE6WEbtz4K25cKOLWf3Dn3zhts9DWAxcO59zLvfeEKaNKu+63tbS8srq2Xtoob25t7+zae/stJTKJSRMLJmQnRIowmpCmppqRTioJ4iEj7XB4OfHb90QqKpJbPUqJz1Gc0IhipI0U2EdXQfUu70kOw3gMe5LGA42kFA/QdWqBXXEddwq4SLyCVECBRmB/9foCZ5wkGjOkVNdzU+3nSGqKGRmXe5kiKcJDFJOuoQniRPn59IsxPDFKH0ZCmko0nKq/J3LElRrx0HRypAdq3puI/3ndTEfnfk6TNNMkwbNFUcagFnASCexTSbBmI0MQltTcCvEASYS1Ca5sQvDmX14krarjuY53U6vUL4o4SuAQHINT4IEzUAfXoAGaAINH8AxewZv1ZL1Y79bHrHXJKmYOwB9Ynz/sFpeL</latexit>
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Input for model
Different models for unintegrated gluon density:

• Small x linear BFKL


• Small x with nonlinear corrections, Balitsky-Kovchegov


• DGLAP motivated: Kimber-Martin-Ryskin formalism

Unintegrated gluon from integrated gluon PDF:

Use standard PDFs, LO, NLO, not much sensitivity in the low Q2

Cutoff variation 2
0 = 0.8� 1.5 GeV2

<latexit sha1_base64="yFOmO0B+etlC+YI9zfGpsnMGK1g=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4ccgUxYIIRRe6rGAf0JmWTJppQzMzIckIZegHuPFX3LhQxK0f4M6/MW1noa0HAodzzuXmHl9wpjRC31ZuaXlldS2/XtjY3NreKe7uNVScSELrJOaxbPlYUc4iWtdMc9oSkuLQ57TpD68nfvOBSsXi6F6PBPVC3I9YwAjWRuoWS+4QC4G7qFOGlxDZlRPHPoPuBUxdGcIb2uiUxyaFbDQFXCRORkogQ61b/HJ7MUlCGmnCsVJtBwntpVhqRjgdF9xEUYHJEPdp29AIh1R56fSYMTwySg8GsTQv0nCq/p5IcajUKPRNMsR6oOa9ifif1050UPFSFolE04jMFgUJhzqGk2Zgj0lKNB8Zgolk5q+QDLDERJv+CqYEZ/7kRdIo2w6ynbvTUvUqqyMPDsAhOAYOOAdVcAtqoA4IeATP4BW8WU/Wi/VufcyiOSub2Qd/YH3+AI6OmCE=</latexit><latexit sha1_base64="yFOmO0B+etlC+YI9zfGpsnMGK1g=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4ccgUxYIIRRe6rGAf0JmWTJppQzMzIckIZegHuPFX3LhQxK0f4M6/MW1noa0HAodzzuXmHl9wpjRC31ZuaXlldS2/XtjY3NreKe7uNVScSELrJOaxbPlYUc4iWtdMc9oSkuLQ57TpD68nfvOBSsXi6F6PBPVC3I9YwAjWRuoWS+4QC4G7qFOGlxDZlRPHPoPuBUxdGcIb2uiUxyaFbDQFXCRORkogQ61b/HJ7MUlCGmnCsVJtBwntpVhqRjgdF9xEUYHJEPdp29AIh1R56fSYMTwySg8GsTQv0nCq/p5IcajUKPRNMsR6oOa9ifif1050UPFSFolE04jMFgUJhzqGk2Zgj0lKNB8Zgolk5q+QDLDERJv+CqYEZ/7kRdIo2w6ynbvTUvUqqyMPDsAhOAYOOAdVcAtqoA4IeATP4BW8WU/Wi/VufcyiOSub2Qd/YH3+AI6OmCE=</latexit><latexit sha1_base64="yFOmO0B+etlC+YI9zfGpsnMGK1g=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4ccgUxYIIRRe6rGAf0JmWTJppQzMzIckIZegHuPFX3LhQxK0f4M6/MW1noa0HAodzzuXmHl9wpjRC31ZuaXlldS2/XtjY3NreKe7uNVScSELrJOaxbPlYUc4iWtdMc9oSkuLQ57TpD68nfvOBSsXi6F6PBPVC3I9YwAjWRuoWS+4QC4G7qFOGlxDZlRPHPoPuBUxdGcIb2uiUxyaFbDQFXCRORkogQ61b/HJ7MUlCGmnCsVJtBwntpVhqRjgdF9xEUYHJEPdp29AIh1R56fSYMTwySg8GsTQv0nCq/p5IcajUKPRNMsR6oOa9ifif1050UPFSFolE04jMFgUJhzqGk2Zgj0lKNB8Zgolk5q+QDLDERJv+CqYEZ/7kRdIo2w6ynbvTUvUqqyMPDsAhOAYOOAdVcAtqoA4IeATP4BW8WU/Wi/VufcyiOSub2Qd/YH3+AI6OmCE=</latexit><latexit sha1_base64="yFOmO0B+etlC+YI9zfGpsnMGK1g=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4ccgUxYIIRRe6rGAf0JmWTJppQzMzIckIZegHuPFX3LhQxK0f4M6/MW1noa0HAodzzuXmHl9wpjRC31ZuaXlldS2/XtjY3NreKe7uNVScSELrJOaxbPlYUc4iWtdMc9oSkuLQ57TpD68nfvOBSsXi6F6PBPVC3I9YwAjWRuoWS+4QC4G7qFOGlxDZlRPHPoPuBUxdGcIb2uiUxyaFbDQFXCRORkogQ61b/HJ7MUlCGmnCsVJtBwntpVhqRjgdF9xEUYHJEPdp29AIh1R56fSYMTwySg8GsTQv0nCq/p5IcajUKPRNMsR6oOa9ifif1050UPFSFolE04jMFgUJhzqGk2Zgj0lKNB8Zgolk5q+QDLDERJv+CqYEZ/7kRdIo2w6ynbvTUvUqqyMPDsAhOAYOOAdVcAtqoA4IeATP4BW8WU/Wi/VufcyiOSub2Qd/YH3+AI6OmCE=</latexit>

Masses for quarks (u,d,s,c): 0.35,  0.35,  0.5, 1.2-1.5 GeV

Results not very sensitive

f(y, k2T ) = y
@gAP(y,Q2)

@ lnQ2
|Q2=k2

T
<latexit sha1_base64="nFGBTZ8G/T6X6tYQOu+Vsi9fsio="></latexit><latexit sha1_base64="nFGBTZ8G/T6X6tYQOu+Vsi9fsio="></latexit><latexit sha1_base64="nFGBTZ8G/T6X6tYQOu+Vsi9fsio="></latexit><latexit sha1_base64="nFGBTZ8G/T6X6tYQOu+Vsi9fsio="></latexit>

Anna Stasto, A model for FL at low Q2, DIS2021, April 14, 2021 10



FL(Q2) bins in x
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Comparison of old (GRV94) vs 
updated (CT14) calculation


Largest difference in moderate 
to large Q2 and low x


No difference in low Q2 region

Observe different vertical scale on different panels
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FL(x) bins in Q2
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Comparison of old (GRV94) vs 
updated (CT14) calculation


Largest difference in moderate 
to large Q2 and low x. Update 
gluon has slower x 
dependence


No difference in low Q2 region

Observe different vertical scale on different panels
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FL(Q2) bins in x
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Components of the model


Perturbative component 
dominates at large Q2 and 
low x


Higher twist significant at low 
to moderate Q2. Dominates at 
large x

Observe different vertical scale on different panels
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FL(x) bins in Q2
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Components of the model


Perturbative component 
dominates at large Q2 and 
low x 

Higher twist flat as a function 
of x. Soft Pomeron-like 
behavior with intercept equal 
to unity

Observe different vertical scale on different panels
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Comparison with H1 data
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• Good description of H1 data


• Mostly small x, and not low Q2 

• Most sensitive to perturbative component, variation of PDF
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Comparison with JLAB and SLAC
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• Comparison with low Q2 data: 
SCLAC, JLAB


• Model underestimates the data


• However, model constructed for 
low x, beyond the region of 
applicability since data mostly at 
large x (additional contributions)


• Black points: new JLab data


• Caveat : SLAC and JLab(old) data 
are rebinned with models 
assumptions
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Summary
• Knowledge of F2 and FL in the low Q2 region necessary for radiative corrections 


• Will be crucial for EIC precision measurement


• Revisited model for FL at low Q2: kT factorization + higher twist 


• In the kinematic region of the model (low x and low Q2), dependence on the PDFs 
is negligible


• Comparison with HERA: good matching to data, mostly sensitive to pertubative 
part, can be matched correctly by varying PDFs


• Comparison with JLab: model is underestimating the data, which are mostly at 
large x, beyond the region of applicability of the model


• Outlook: compare with other models ( low x specific), other sources of HT, target 
mass corrections…
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