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Hadronization:

3

✦ Hadronization: describes the process where colored quarks and 
gluons form colourless hadrons (in deep inelastic scattering).
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• The conjecture of Confinement: 

✦NO free quarks or gluons have been directly observed: 
only HADRONS.

 3



Fragmentation Functions

‣The non-perturbative, universal functions encoding parton 
hadronization are the: Fragmentation Functions (FF).
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‣z is the light-cone mom. fraction of the parton carried by the hadron

‣ Unpolarized FF is the number density for parton i to produce 
hadron h with LC momentum fraction z.
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FACTORIZATION AND UNIVERSALITY
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• SIDIS Process with TM of hadron measured.

MEASURING PDFS WITH TRANSVERSE 
MOMENTUM DEPENDENCE

•  Measurement of the transverse momentum of the 
produced hadron in SIDIS provides access to TMD PDFs/FFs.

• TMD PDFs
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TMD FFs and Collins Fragmentation Function

‣Collin FF is Chiral-ODD: Should to be coupled with another 
chiral-odd PDF/FF in observables.
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‣Collins Effect: Azimuthal Modulation 
of Transversely Polarized Quark’ FF. 
Fragmenting quark’s transverse spin 
couples with produced hadron’s TM!

‣Unpolarized TMD FF: number density for 
quark q to produce unpolarized hadron h 
carrying LC fraction z and TM        . P?
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• SIDIS Process with TM of hadrons measured.

TMD PDFs with Two-Hadron FFs
•  Measuring two-hadron semi-inclusive DIS: an additional 
method for accessing TMD PDFs.

• TMD PDFs
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TWO HADRON CORRELATIONS: 
DIHADRON FRAGMENTATION FUNCTIONS
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Two-Hadron Kinematics
✦  Total and Relative TM of hadron pair.

✦  Two Coordinate systems:

A. Bianconi et al: PRD 62, 034008 (2000).

task suggests that a more convenient way to model occur-
rence and properties of ‘‘T odd’’ FF is to look at residual
interactions between two hadrons in the same jet, consider-
ing the remnant of the jet as a spectator and summing over
all its possible configurations. Therefore, in the following the
formalism for two-hadron semi-inclusive production and FF
will be addressed.

III. QUARK-QUARK CORRELATION FUNCTION FOR
TWO-HADRON PRODUCTION

In the field-theoretical description of hard processes the
soft parts connecting quark and gluon lines to hadrons are
defined as certain matrix elements of non-local operators in-
volving the quark and gluon fields themselves !17–19". In
analogy with semi-inclusive hard processes involving one
detected hadron in the final state !2", the simplest matrix
element for the hadronization into two hadrons is the quark-
quark correlation function describing the decay of a quark
with momentum k into two hadrons P1 ,P2 #see Fig. 3$:
namely,

% i j#k;P1 ,P2$!X
X

! d4&

#2'$4

"eik•&(0") i#&$a2
†#P2$a1

†#P1$"X*

"(X"a1#P1$a2#P2$) j#0 $"0*, #9$

where the sum runs over all the possible intermediate states
involving the two final hadrons P1 ,P2. For the Fourier trans-
form only the two space-time points 0 and & matter, i.e., the
positions of quark creation and annihilation, respectively.
Their relative distance & is the conjugate variable to the
quark momentum k.
We choose for convenience the frame where the total pair

momentum Ph!P1#P2 has no transverse component. The
constraint to reproduce on-shell hadrons with fixed mass
(P1

2!M 1
2 ,P2

2!M 2
2) reduces to seven the number of indepen-

dent degrees of freedom. As shown in Appendix A #where
also the light-cone components of a 4-vector are defined$,
they can conveniently be reexpressed in terms of the light-
cone component of the hadron pair momentum, Ph

$ , of the
light-cone fraction of the quark momentum carried by the
hadron pair, zh!Ph

$/k$!z1#z2, of the fraction of hadron

pair momentum carried by each individual hadron, +
!z1 /zh!1$z2 /zh , and of the four independent invariants
that can be formed by means of the momenta k ,P1 ,P2 at
fixed masses M 1 ,M 2, i.e.,

,h!k2, -h!2k•#P1#P2$.2k•Ph ,

-d!2k•#P1$P2$.4k•R , M h
2!#P1#P2$2.Ph

2 ,
#10$

where we define the vector R!(P1$P2)/2 for later use.
By generalizing the Collins-Soper light-cone formalism

!18" for fragmentation into multiple hadrons !12,11", the
cross section for two-hadron semi-inclusive emission can be
expressed in terms of specific Dirac projections of
%(zh ,+ ,Ph

$ ,,h ,-h ,M h
2 ,-d) after integrating over the #hard-

scale suppressed$ light-cone component k# and, conse-
quently, taking & as light-like !2", i.e.,
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The function % [/] now depends on five variables, apart from
the Lorentz structure of the Dirac matrix / . In order to make
this more explicit and to reexpress the set of variables in a
more convenient way, let us rewrite the integrations in Eq.
#11$ in a covariant way using
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which leads to the result
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where the dependence on the transverse quark momentum k! T
2

through -h is made explicit by means of Eqs. #A6a$ and
#A7$.
Using Eq. #A6$ makes it possible to reexpress % [/] as a

function of zh ,+ ,k! T
2 and R! T

2 ,k! T•R! T , where R! T is #half of$ the
transverse momentum between the two hadrons in the con-

FIG. 3. Quark-quark correlation function for the fragmentation
of a quark into a pair of hadrons.
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Field-Theoretical Definitions
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• The definitions of DiFFs from the correlator.

• The quark-quark correlator.
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Number Densities
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• The full number density:

• The differential number of hadron pairs:
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Back-to-back two hadron pairs in e+e-
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• Can access both helicity and 
transverse pol. dependent DiFFs:

G1
!!z ,Mh

2"#! d$! d%R! dkTkT•RT
!G1

!!z ,$ ,kT
2 ,RT

2 ,kT•RT", !1"

where RT is the transverse part of the relative momentum
between the two hadrons and kT is the quark transverse mo-
mentum !see Sec. II for explicit definitions of the above
quantities". This function is related !but not identical" to lon-
gitudinal jet handedness and its resulting asymmetry will be
discussed in detail below !see Sec. V".
The asymmetry involving the transverse momentum inte-

grated chiral-odd IFF H1
" has already been studied in a dif-

ferent !less common" notation in a paper by Artru and Col-
lins &9'. It is the asymmetry of present-day experimental
interest regarding transversity. The extraction of H1

" from the
process e"e#→(h1h2)( h̄1h̄2)X is the goal of a group &10'
that will analyze the off-resonance data from the BELLE
experiment at KEK. In the present article, we provide for a
procedure of integrating and properly weighting the fully
differential cross section to single out the relevant asymme-
try. The extracted IFF will be of use to several ongoing or
starting experiments aiming to measure transversity in the
processes ep↑→(h1h2)X !HERMES, COMPASS" and pp↑

→(h1h2)X !RHIC &10'".
However, the asymmetry involving G1

! also seems of ex-
perimental interest. It can be viewed as the chiral-even coun-
terpart of the Artru-Collins asymmetry. An analogous asym-
metry involving chiral-even fragmentation functions does
not emerge when only one hadron is detected in each jet; this
asymmetry is thus particular to the multi-hadron fragmenta-
tion case. But it can also be viewed as an asymmetry arising
from a correlation between longitudinal jet handedness func-
tions. As such it is relevant for single spin asymmetries with
longitudinally polarized protons, ep!→(h1h2)X and pp!
→(h1h2)X , which are proportional to the well-known quark
helicity distribution function g1 &cf., e.g., Eq. !31" of Ref.
&3''. Since g1 is known to considerable accuracy, one can
extract G1

! from ep!→(h1h2)X and actually predict our lon-
gitudinal jet handedness correlation in e"e#

→(h1h2)( h̄1h̄2)X , i.e. the expression given below in Eq.
!38". Any experimental deviation may be related to a CP-
violating effect of the QCD vacuum &11'.
The function G1

! is also relevant for the studies of IFFs in
the processes ep↑→(h1h2)X and pp↑→(h1h2)X . There,
next to the asymmetry proportional to the transversity func-
tion, another G1

! dependent asymmetry &7' occurs, which is
proportional to the transverse momentum dependent distribu-
tion function g1T &12'. This function !extrapolated to x$0)
gives information on violations of the Burkhardt-Cottingham
sum rule. Apart from the intrinsic interest in such an asym-
metry, it also shows the need for appropriate weight func-
tions to separate the asymmetry proportional to g1TG1

! from
the asymmetries proportional to h1H1

" and h1H1
! !where h1

denotes the transversity function".
The other results presented below, i.e. the other terms

arising in the fully differential e"e# cross section, may also

be of interest in the future and the notation used here hope-
fully will facilitate communication between different experi-
mental groups planning or performing two-hadron IFF-
related studies for different processes.
The paper is organized as follows. In Sec. II we first dis-

cuss the kinematics of the process e"e#→(h1h2)( h̄1h̄2)X .
In Sec. III we present the cross section in terms of the inter-
ference fragmentation functions. Next, we investigate exten-
sively the Artru-Collins azimuthal asymmetry !Sec. IV" and
the newly found longitudinal jet handedness asymmetry
!Sec. V". During the discussion of these two asymmetries in
e"e#→(h1h2)( h̄1h̄2)X we also remark on corresponding
asymmetries in two-hadron inclusive deep inelastic scatter-
ing !DIS" involving the same IFFs to facilitate comparison.
We end with conclusions !Sec. VI".

II. KINEMATICS

We will consider the process e"e#→(h1h2)( h̄1h̄2)X ,
schematically depicted in Fig. 1. An electron and a positron
with momenta l and l!, respectively, annihilate into a photon
with timelike momentum q$l"l! and q2$Q2. A quark and
an antiquark are then emitted and fragment each one into a
residual jet and a pair of leading unpolarized hadrons
(h1 ,h2) with momenta P1 ,P2, and masses M 1 ,M 2 &for the
antiquark we have the corresponding notation ( h̄1 , h̄2) with
momenta P̄1 , P̄2 and masses M̄ 1 ,M̄ 2]. We introduce the vec-
tors Ph$P1"P2 , R$(P1#P2)/2, and P̄h$ P̄1" P̄2 , R̄
$( P̄1# P̄2)/2. The two jets are emitted in opposite direc-
tions; therefore, Ph• P̄h(Q2. We can parametrize the mo-
menta as &13'

Ph
)$

zhQ
!2

n#
) "

Mh
2

zhQ!2
n"

) (
zhQ
!2

n#
) ,

P̄h
)$

z̄hQ
!2

n"
) "

M̄ h
2

z̄hQ!2
n#

) (
z̄hQ
!2

n"
) ,

q)$
Q
!2

n#
) "

Q
!2

n"
) "qT

) , !2"

where #qT
2#QT

2%Q2, and n" ,n# are light-like vectors sat-
isfying n"

2 $n#
2 $0 and n"•n#$1. The approximations in

Eq. !2" of neglecting hadron masses with respect to Q2 does

FIG. 1. Kinematics for the e"e#→(h1h2)( h̄1h̄2)X process.

BOER, JAKOB, AND RADICI PHYSICAL REVIEW D 67, 094003 !2003"

094003-2

D. Boer et al: PRD 67, 094003 (2003).

✦ BELLE results.
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Figure 2: Results for Acos(2(FR1�FR2 )) binned in M and z. The black error bars are statistical and the green
bands show the systematic uncertainty.

measured which are thought to be sensitive to the helicity dependent fragmentation function G?
1 .

This function is supposed to vanish in the absence of helicity dependent correlations of the in-
trinsic transverse momentum in the fragmentation process with momentum difference of hadrons
in the pair. Therefore, the existence of this function might be interpreted as a validation of the
so-called TMD framework which forms the base for the theoretical interpretation of a large class
of transverse spin phenomena [21]. However, within the experimental uncertainties no signal is
observed at Belle. In addition to ongoing analysis on the Belle dataset, an upgraded experiment,
Belle-II is currently under construction with the plan to use an upgraded KEKB storage ring, then
called Super-KEKB, to sample about 40 times the luminosity compared to Belle [22]. For the frag-
mentation function program in particular the upgraded particle identification capabilities and the
improved vertex resolution are of importance to select multi-kaon final states and effectively isolate
contributions from charm production. In addition, the hermiticity of the detector as well as energy
and momentum resolution will be improved. Together with the improved capability to reconstruct
low momentum tracks, this will help increase the precision of future measurements of observables
related to the extraction of fragmentation functions.
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FIG. 2: Relative contributions of various processes for pion pairs as a function of the 8 × 8 m1,m2 bin number. The closed
circles denote light quark-antiquark pair events, inverted triangles – charm events, triangles – charged B meson pairs, open
circles – neutral B meson pairs and squares – τ pairs.

TABLE II: Integrated asymmetries for the two reconstruction methods and their average kinematics.

⟨z1⟩, ⟨z2⟩ 0.4313
⟨m1⟩, ⟨m2⟩ 0.6186 GeV/c2

⟨sin2 θt/(1 + cos2 θt)⟩ 0.7636
⟨sin θ1d⟩, ⟨sin θ2d⟩ 0.9246
⟨cos θ1d⟩, ⟨cos θ2d⟩ 0.0013

a12 −0.0196 ± 0.0002(stat.) ± 0.0022(syst.)
a12R −0.0179 ± 0.0002(stat.) ± 0.0021(syst.)
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Summary: Large azimuthal asymmetries for two π+π− pairs in opposite hemispheres were extracted from a 672
fb−1 data sample. The asymmetries monotonically decrease as a function of z1,2 and m1,2 and no sign change is
observed in contrast to [18]. The interference fragmentation function can be extracted from those asymmetries and
used in a global fit to the SIDIS data [9, 10] to obtain the transversity distribution function.
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Back-to-back two hadron pairs in e+e-
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• Can access both helicity and 
transverse pol. dependent DiFFs:

G1
!!z ,Mh

2"#! d$! d%R! dkTkT•RT
!G1

!!z ,$ ,kT
2 ,RT

2 ,kT•RT", !1"

where RT is the transverse part of the relative momentum
between the two hadrons and kT is the quark transverse mo-
mentum !see Sec. II for explicit definitions of the above
quantities". This function is related !but not identical" to lon-
gitudinal jet handedness and its resulting asymmetry will be
discussed in detail below !see Sec. V".
The asymmetry involving the transverse momentum inte-

grated chiral-odd IFF H1
" has already been studied in a dif-

ferent !less common" notation in a paper by Artru and Col-
lins &9'. It is the asymmetry of present-day experimental
interest regarding transversity. The extraction of H1

" from the
process e"e#→(h1h2)( h̄1h̄2)X is the goal of a group &10'
that will analyze the off-resonance data from the BELLE
experiment at KEK. In the present article, we provide for a
procedure of integrating and properly weighting the fully
differential cross section to single out the relevant asymme-
try. The extracted IFF will be of use to several ongoing or
starting experiments aiming to measure transversity in the
processes ep↑→(h1h2)X !HERMES, COMPASS" and pp↑

→(h1h2)X !RHIC &10'".
However, the asymmetry involving G1

! also seems of ex-
perimental interest. It can be viewed as the chiral-even coun-
terpart of the Artru-Collins asymmetry. An analogous asym-
metry involving chiral-even fragmentation functions does
not emerge when only one hadron is detected in each jet; this
asymmetry is thus particular to the multi-hadron fragmenta-
tion case. But it can also be viewed as an asymmetry arising
from a correlation between longitudinal jet handedness func-
tions. As such it is relevant for single spin asymmetries with
longitudinally polarized protons, ep!→(h1h2)X and pp!
→(h1h2)X , which are proportional to the well-known quark
helicity distribution function g1 &cf., e.g., Eq. !31" of Ref.
&3''. Since g1 is known to considerable accuracy, one can
extract G1

! from ep!→(h1h2)X and actually predict our lon-
gitudinal jet handedness correlation in e"e#

→(h1h2)( h̄1h̄2)X , i.e. the expression given below in Eq.
!38". Any experimental deviation may be related to a CP-
violating effect of the QCD vacuum &11'.
The function G1

! is also relevant for the studies of IFFs in
the processes ep↑→(h1h2)X and pp↑→(h1h2)X . There,
next to the asymmetry proportional to the transversity func-
tion, another G1

! dependent asymmetry &7' occurs, which is
proportional to the transverse momentum dependent distribu-
tion function g1T &12'. This function !extrapolated to x$0)
gives information on violations of the Burkhardt-Cottingham
sum rule. Apart from the intrinsic interest in such an asym-
metry, it also shows the need for appropriate weight func-
tions to separate the asymmetry proportional to g1TG1

! from
the asymmetries proportional to h1H1

" and h1H1
! !where h1

denotes the transversity function".
The other results presented below, i.e. the other terms

arising in the fully differential e"e# cross section, may also

be of interest in the future and the notation used here hope-
fully will facilitate communication between different experi-
mental groups planning or performing two-hadron IFF-
related studies for different processes.
The paper is organized as follows. In Sec. II we first dis-

cuss the kinematics of the process e"e#→(h1h2)( h̄1h̄2)X .
In Sec. III we present the cross section in terms of the inter-
ference fragmentation functions. Next, we investigate exten-
sively the Artru-Collins azimuthal asymmetry !Sec. IV" and
the newly found longitudinal jet handedness asymmetry
!Sec. V". During the discussion of these two asymmetries in
e"e#→(h1h2)( h̄1h̄2)X we also remark on corresponding
asymmetries in two-hadron inclusive deep inelastic scatter-
ing !DIS" involving the same IFFs to facilitate comparison.
We end with conclusions !Sec. VI".

II. KINEMATICS

We will consider the process e"e#→(h1h2)( h̄1h̄2)X ,
schematically depicted in Fig. 1. An electron and a positron
with momenta l and l!, respectively, annihilate into a photon
with timelike momentum q$l"l! and q2$Q2. A quark and
an antiquark are then emitted and fragment each one into a
residual jet and a pair of leading unpolarized hadrons
(h1 ,h2) with momenta P1 ,P2, and masses M 1 ,M 2 &for the
antiquark we have the corresponding notation ( h̄1 , h̄2) with
momenta P̄1 , P̄2 and masses M̄ 1 ,M̄ 2]. We introduce the vec-
tors Ph$P1"P2 , R$(P1#P2)/2, and P̄h$ P̄1" P̄2 , R̄
$( P̄1# P̄2)/2. The two jets are emitted in opposite direc-
tions; therefore, Ph• P̄h(Q2. We can parametrize the mo-
menta as &13'

Ph
)$

zhQ
!2

n#
) "

Mh
2

zhQ!2
n"

) (
zhQ
!2

n#
) ,

P̄h
)$

z̄hQ
!2

n"
) "

M̄ h
2

z̄hQ!2
n#

) (
z̄hQ
!2

n"
) ,

q)$
Q
!2

n#
) "

Q
!2

n"
) "qT

) , !2"

where #qT
2#QT

2%Q2, and n" ,n# are light-like vectors sat-
isfying n"

2 $n#
2 $0 and n"•n#$1. The approximations in

Eq. !2" of neglecting hadron masses with respect to Q2 does

FIG. 1. Kinematics for the e"e#→(h1h2)( h̄1h̄2)X process.
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✦ BELLE results.
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Figure 2: Results for Acos(2(FR1�FR2 )) binned in M and z. The black error bars are statistical and the green
bands show the systematic uncertainty.

measured which are thought to be sensitive to the helicity dependent fragmentation function G?
1 .

This function is supposed to vanish in the absence of helicity dependent correlations of the in-
trinsic transverse momentum in the fragmentation process with momentum difference of hadrons
in the pair. Therefore, the existence of this function might be interpreted as a validation of the
so-called TMD framework which forms the base for the theoretical interpretation of a large class
of transverse spin phenomena [21]. However, within the experimental uncertainties no signal is
observed at Belle. In addition to ongoing analysis on the Belle dataset, an upgraded experiment,
Belle-II is currently under construction with the plan to use an upgraded KEKB storage ring, then
called Super-KEKB, to sample about 40 times the luminosity compared to Belle [22]. For the frag-
mentation function program in particular the upgraded particle identification capabilities and the
improved vertex resolution are of importance to select multi-kaon final states and effectively isolate
contributions from charm production. In addition, the hermiticity of the detector as well as energy
and momentum resolution will be improved. Together with the improved capability to reconstruct
low momentum tracks, this will help increase the precision of future measurements of observables
related to the extraction of fragmentation functions.
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FIG. 2: Relative contributions of various processes for pion pairs as a function of the 8 × 8 m1,m2 bin number. The closed
circles denote light quark-antiquark pair events, inverted triangles – charm events, triangles – charged B meson pairs, open
circles – neutral B meson pairs and squares – τ pairs.

TABLE II: Integrated asymmetries for the two reconstruction methods and their average kinematics.

⟨z1⟩, ⟨z2⟩ 0.4313
⟨m1⟩, ⟨m2⟩ 0.6186 GeV/c2

⟨sin2 θt/(1 + cos2 θt)⟩ 0.7636
⟨sin θ1d⟩, ⟨sin θ2d⟩ 0.9246
⟨cos θ1d⟩, ⟨cos θ2d⟩ 0.0013

a12 −0.0196 ± 0.0002(stat.) ± 0.0022(syst.)
a12R −0.0179 ± 0.0002(stat.) ± 0.0021(syst.)
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FIG. 3: a12 modulations for the 9 × 9 z1, z2 binning as a function of z1 for the z2 bins. The shaded (green) areas correspond
to the systematic uncertainties.

Summary: Large azimuthal asymmetries for two π+π− pairs in opposite hemispheres were extracted from a 672
fb−1 data sample. The asymmetries monotonically decrease as a function of z1,2 and m1,2 and no sign change is
observed in contrast to [18]. The interference fragmentation function can be extracted from those asymmetries and
used in a global fit to the SIDIS data [9, 10] to obtain the transversity distribution function.
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Moments of DiFFs in e+e-
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• Entering the integrated cross-section expressions.
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• Entering the integrated cross-section expressions.
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Access Transversity PDF using DiFFs in SIDIS

• In two hadron production from 
polarized target the cross section 
factorizes collinearly - no TMD!

• Allows clean access to transversity.
• Unpolarized and Interference Dihadron 

FFs are needed!

M. Radici, et al: PRD 65, 074031 (2002).

A. Bacchetta and M. Radici, PRD 74, 114007 (2006).

• Empirical Model for       has been fitted to PYTHIA simulations.Dq
1

10

co
u
n
ts

Mh (GeV)

0.4 0.6 0.8 1 1.2
0

5000

10000

15000

20000

co
u
n
ts

z

0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

5000

10000

15000

20000

25000

(a) (b)

FIG. 4: Semi-inclusive dihadron counts from the PYTHIA event generator [53] tuned for HERMES [54] and results of the fit
(a) as a function of Mh, (b) as a function of z. Solid line: p-wave contribution; dashed line: s-wave contribution; dotted line:
sum of the two. The contributions of the η and K0 have been excluded.

which the Monte Carlo generator is actually tuned. The agreement would be improved further if the contribution of
the ω were extended at higher invariant masses by leaving the narrow-width approximation for the ω resonance and
smearing the step function in Eq. (28). Note that the interference is in this case constructive because the signs of the
couplings fρ and f ′

ω have been taken equal. If the two couplings were taken opposite, then a destructive interference
would take place and the model would underestimate the p-wave data at around 0.6 GeV. The agreement with the
total spectrum would then be worsened. Also the fω coupling has been taken to have the same sign of fρ to avoid
destructive interference patterns. It is difficult with the present poor knowledge to make any conclusive statement
about ρ-ω interference in semi-inclusive dihadron production. However, we can at least conclude that in our model
the best agreement with the event generator is achieved when the three couplings fρ, fω and f ′

ω have the same sign.

V. PREDICTIONS FOR POLARIZED FRAGMENTATION FUNCTIONS AND TRANSVERSE-SPIN
ASYMMETRY

Using the parameters obtained from the fit we can plot the results for the fragmentation functions D1,ll, H<)
1,ot, and

D1,ol. The function D1,ll is a pure p-wave function. It depends on |F p|2, the modulus square of Eq. (28), and has
a behavior very similar to Dp

1,oo, the p-wave part of D1,oo. In Fig. 5 (a) we plot the ratio between D1,ll and D1,oo,
integrated separately over 0.2 < z < 0.8. In Fig. 5 (b) we plot the same ratio but with the two functions multiplied
by 2Mh and integrated over 0.3 GeV < Mh < 1.3 GeV. In the same figures, the dotted lines represent the positivity
bound [55]

−
3

2
Dp

1,oo ≤ D1,ll ≤ 3Dp
1,oo. (36)

The functions D1,ol and H<)
1,ot arise from the interference of s and p waves, i.e. from the interferences of channels 1-2,

1-3, and 1-4, proportional to the product (fs fρ), (fs fω), (fs f ′
ω), respectively. Since the relative sign of fs and the

p-wave couplings is not fixed by the fit, we can only predict these functions modulo a sign. For the plots, we assume
that the p-wave couplings have a sign opposite to fs (as suggested by the sign of preliminary HERMES data [48]).

In Fig. 6 (a) we plot the ratio between −|R⃗|/Mh H<)
1,ot and D1,oo, integrated separately over 0.2 < z < 0.8. In Fig. 6

(b) we plot the same ratio but with the two functions multiplied by 2Mh and integrated over 0.3 GeV < Mh < 1.3 GeV.
In the same figures, the dotted lines represent the positivity bound [55]

|R⃗|
Mh

H<)
1,ot ≤

√

3

8
Ds

1,oo

(

Dp
1,oo −

1

3
D1,ll

)

. (37)

As is evident, there are two main contributions:

• the interference between channel 1 (s-wave background) and the imaginary part of 2 (ρ resonance), with a shape
peaked at the ρ mass, i.e. roughly proportional to the imaginary part of the ρ resonance in Eq. (28);

Experiments: 
BELLE, 
HERMES, 
COMPASS.
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Moments of DiFFs in SIDIS

• Here transversely polarised DiFFs are admixture of cos Fourier 
moments of both unintegrated DiFFs:

•  Might be differences with those measured in e+e- !

H^
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2
H) =

h
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^[0]
1 +H

?[1]
1

i

H?
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2
H) =
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1 +H
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i

A. Bacchetta, M. Radici: PRD 69, 074026 (2004).

• Generated by                 dependences of unintegrated DiFFs:
'RK ⌘ 'R � 'k

cos('RK)
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Current Challenges

1) Phenomenological Extractions of DiFFs. 

‣Unpolarised DiFFs from PYTHIA 

‣Still Large Uncertainties. 

‣Simplistic Approximations. 

‣Limited kinematic region.

 17

2) Full Event Generators:  

‣No Mainstream MC generator includes spin in Full 
Hadronization yet: PYTHIA, HERWIG, SHERPA… 

‣  MC generators are needed to support mapping of 
the 3D structure of nucleon at JLab12, BELLE II, EIC.
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Figure 3. The ratio R(z, Mh) of Eq. (3.10) as a function of z at Q2
0 = 1 GeV2 for three different

Mh = 0.4 GeV (lower band at z ⇠ 0.8), Mh = 0.8 GeV (mid band at z ⇠ 0.8), and Mh = 1 GeV
(upper band at z ⇠ 0.8). Left panel for results obtained with ↵s(M2

Z) = 0.125, right panel with
↵s(M2

Z) = 0.139. For the calculation of the uncertainty bands see details in the text.

interval which, in our case, can simply be obtained by rejecting for each experimental point
(zi, Mh j) the largest and the lowest 16% of the N values. This approach produces a more
realistic estimate of the statistical uncertainty on DiFFs. In fact, we noticed that the mini-
mization often pushes the theoretical functions towards their upper or lower bounds, where
the �2 does no longer display a quadratic dependence upon the parameters. Instead, the
Monte Carlo approach does not rely on the prerequisites for the standard Hessian method
to be valid. Although the minimization is performed on the function defined in Eq. (3.9),
the agreement of the N theoretical outcomes with the original Belle data is better expressed
in terms of the standard �2 function [30]. The �2 can be obtained by replacing Hexp

ij, r in
Eq. (3.9) with the corresponding value inferred from the original data set without Gaussian
noise.

We show our results through the following ratio:

R(z, Mh) =
|R|
Mh

H^u
1 (z, Mh;Q2

0)

Du
1 (z, Mh;Q2

0)
, (3.10)

where both DiFFs are summed over all fragmentation channels and the ratio is evaluated
at the hadronic scale Q2

0 = 1 GeV2. In Fig. 2, we consider the ratio R as a function
of the invariant mass Mh for three different values of the fractional energy z: z = 0.25

(shortest band), z = 0.45 (lower band at Mh ⇠ 1.2 GeV), and z = 0.65 (upper band at
Mh ⇠ 1.2 GeV). The left panel displays the results with ↵s(M2

Z) = 0.125, the right one
with ↵s(M2

Z) = 0.139. Each band corresponds to the 68% of all N = 100 replicas, produced
by rejecting the largest and lowest 16% of the replicas’ values for each (z, Mh) point. The
shortest band (for z = 0.25) stops around Mh ⇠ 0.9 GeV because there are no experimental
data at higher invariant masses for such low values of z. In this kinematic range, the fit is
much less constrained and, consequently, the uncertainty band becomes larger. Comparing
the two panels reveals a mild sensitivity of the results to the choice of ↵s(M2

Z), hence of
⇤

QCD

. Figure 2 represents an update of the upper panel of Fig. 6 in Ref. [10], with a more
realistic estimate of the statistical uncertainty on the polarized DiFF H^

1 .
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The Quark-jet Framework

q Q Q’ Q’’



 THE QUARK JET MODEL

q Q Q’ Q’’

Field, Feynman, Nucl.Phys.B136:1,1978.

Assumptions: 

‣ Number Density 
interpretation 

‣ No re-absorption 

‣ ∞ hadron emissions

Dh
q (z) = d̂hq (z) +

Z 1

z
d̂Qq (y)dy ·Dh

Q(
z

y
)
1

y

d̂hq (z) = d̂Q
0

q (1� z)|h=Q̄0q
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 THE QUARK JET MODEL

q Q Q’ Q’’

Field, Feynman, Nucl.Phys.B136:1,1978.

Assumptions: 

‣ Number Density 
interpretation 

‣ No re-absorption 

‣ ∞ hadron emissions

Probability of finding hadron h with mom. 
frac. [z, z+dz] in a jet of quark q

The probability scales 
with mom. fraction

Dh
q (z)dz = d̂hq (z)dz +

Z 1

z
d̂Qq (y)dy ·Dh

Q(
z

y
)
dz

y
Prob. of  mom. [y, y+dy] is 
transferred to jet at step 1.

Prob. of emitting at step 1
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ELEMENTARY SPLITTINGS
‣ Quark-quark correlator:

20

H.M., Thomas, Bentz, PRD. 83:07400; PRD.83:114010, 2011.
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‣ One-quark truncation of the wavefunction: q ! Qh

 20

‣  Use Nambu--Jona-Lasinio (NJL) Effective quark model:

G

LNJL =  q(i/@ �mq) q +G( q� q)
2



‣TMD splittings: 

‣Conserve transverse momenta at each link.

‣Calculate the Number Density

INCLUDING THE TRANSVERSE MOMENTUM

k
k ’

p h
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p

H.M.,Bentz, Cloet, Thomas, PRD.85:014021, 2012

P? = p? + zk?
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UNPOLARIZED DIHADRON FRAGMENTATIONS

• The probability density for observing two hadrons:
P1 = (z1k

�, P+
1 ,P 1,?), P 2

1 = M2
h1

P2 = (z2k
�, P+

2 ,P 2,?), P 2
2 = M2

h2

z = z1 + z2 M2
h = (P1 + P2)

2

Dh1h2
q (z,M2

h) �z �M2
h =

⌦
Nh1h2

q (z, z +�z;M2
h ,M

2
h +�M2

h)
↵

• The corresponding number density:

• In MC simulations record all the pairs in every decay chain. 

z1z2M
2
h � (z1 + z2)(z2M

2
h1 + z1M

2
h2) � 0

• Kinematic Constraint.

H.M. Thomas, Bentz, PRD.88:094022, 2013.

q
Q

Q’ Q’’

h 2h 1
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POLARISATION IN QUARK-JET 
 FRAMEWORK



POLARIZATION IN QUARK-JET FRAMEWORK

• Input  Elementary Collins Function: Model or Parametrization

• Extend Quark-jet Model to include Spin.
H.M.,Bentz, Thomas, PRD.86:034025, (2012).  H.M., Kotzinian, Thomas, PLB731 208-216 (2014).

q
Q

p

l

Dh/q"(z, P
2
?,')�z

�P 2
?

2
�' =

D
Nh

q"(z, z +�z;P 2
?, P

2
? +�P 2;','+�')

E

• Calc. Spin of the remnant quark: S0

PSFPreviously: constant values for spin flip probability: 

✦ Use fit form to extract unpol. and Collins FFs from           .Dh/q"

 24 24
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p?sT
zmh

sin('C)



SPIN TRANSFER
✦NJL-jet MKIII: 
‣The probability for the process            ,  initial spin    to     

‣ Intermediate quarks in quark-jet are unobserved! 

‣Remnant quark’s     uniquely determined by           and    ! 

‣Process probability is the same as transition to unpolarized state.

z,p?

q ! Q s S

s

F q!Q(z,p?; s,0) = ↵s

Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii: QUANTUM ELECTRODYNAMICS (1982).

F q!Q(z,p?; s,S) ⇠ Tr[⇢S
0
⇢S] ⇠ 1 + S0 · S

S0

 25

Bentz et al, Phys.Rev. D94 034004 (2016).

S0 =
�s

↵s

F q!Q(z,p?; s,S) = ↵s + �s · S



REMNANT QUARK’S POLARISATION

Q/q U L T
U
L
T

D1 H?
1

D?
1T

G1L

G1T

H?
1L

H?
1TH1T

F q!Q(z,p?; s,S)
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✦ We can express the spin of the remnant quark               
     in terms of quark-to-quark  TMD FFs.

↵q ⌘D(z,p2
?) + (p? ⇥ sT ) · ẑ

1

zM H?(z,p2
?)

�qk ⌘sL GL(z,p
2
?)� (p? · sT )

1

zMH?
L (z,p2

?)

�q? ⌘p0
?

1

z MD?
T (z,p

2
?)� p?

1

zMsLGT (z,p
2
?)

+ sT HT (z,p
2
?) + p?(p? · sT )

1

z2M2
H?

T (z,p2
?)

S0 =
�s

↵s



MC SIMULATION OF FULL HADRONIZATION

✦ We can consider many hadron emissions.

✦ We only need the “elementary” splittings.

fq!h fq!Q
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✦ We can sample the                       usingh, z, p2?,'h

fq!h(z, p2?,'h;ST )

✦ Calculate the remnant quark’s spin:

✦ Determine the momenta in the initial frame and calculate

S0 =
�s

↵s

HM et al, Phys. Rev. D95 04021, (2017)

�N = hNh1h2
q (z, z +�z,','+�', ...)i



Model Calculations of         Splittings
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✦We can use the same “spectator” type calculations as for pion.

q ! Q

T-even T-odd

k

p p

k

k−p

k

p p

k

k−p

q ! h

q ! Q

E.G. - Meissner et al, PLB 690, 296 (2010).

✦ T-odd parts from previous models violate positivity!

(Ĝ[1]
T )2 = (Ĥ?[1]

L )2 =
p2?

4z2M2
(D̂ + ĜL)(D̂ � ĜL) 

p2?
4z2M2

D̂2

(H?[1]
L )2 + (D?[1]

T )2  p2?
4z2M2

(D +GL)(D �GL) 
p2?

4z2M2
D2

(G[1]
T )2 + (H?[1])2  p2?

4z2M2
(D +GL)(D �GL) 

p2?
4z2M2

D2

Ĥ?(z, p2?) = 0, D̂?
T (z, p

2
?) = 0.

✦ Positivity Constraints on TMD FFs: Bacchetta et al, P.R.L. 85, 712 (2000).



Model Calculations of           Splittings
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q ! Q

J. C. Collins, NPB 396, 161 (1993)

✦ Simple Model that is positive-definite:

✴ Also: Evolution - mimicking ansatz

d̂0(z, p2?) = (1� z)4d̂(z, p2?)

d?T = �h?

d̂(z, p2?) = 1.1 d̂tree(z, p
2
?),

p?
zM

ĥ?(q!h)(z, p2?)

d̂(q!h)(z, p2?)
= 0.4

2 p?MQ

p2? +M2
Q

(H?[1]
L )2 + (D?[1]

T )2  p2?
4z2M2

(D +GL)(D �GL) 
p2?

4z2M2
D2

(G[1]
T )2 + (H?[1])2  p2?

4z2M2
(D +GL)(D �GL) 

p2?
4z2M2

D2

✦ Use Collins-ansatz for T-odd

✦ Ensures the inequalities



Results for Collins Effect
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‣ NJL Model ‣ Evolution-mimicking Ansatz.
HM et al, Phys. Rev. D95 04021, (2017)



Results for Collins Effect
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✦ Opposite sign and similar size in mid-z range for charged pions. (Similar 
to empirical extractions).
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✦  Dependence on model inputs: can be tuned to data.

‣ NJL Model ‣ Evolution-mimicking Ansatz.
HM et al, Phys. Rev. D95 04021, (2017)



Longitudinal Polarisation 
in DiHadron FFs



DIFFS FROM THE NUMBER DENSITY

✦ Can only calculate number density form MC simulations.

✦ Extract DiFFs from specific angular modulations.

✦ Unpolarized DiFF: straight forward integration of number density.

 32

F (z, ⇠,kT ,RT ; sL) = D1(z, ⇠,k
2
T ,R

2
T , cos('RK))

� sL
RT kT sin('RK)

M1M2
G?

1 (z, ⇠,k
2
T ,R

2
T , cos('RK))

✦ Need                  to extract helicity dependent DiFF!cot('RK)

D1(z,M
2
h) =

Z
d⇠

Z
d'R

Z
d2kT D1(z, ⇠,k

2
T ,R

2
T ,kT ·RT )

G?
1 (z,M

2
h) =

Z
d⇠

Z
d'R

Z
d2kT (kT ·RT ) G

?
1 (z, ⇠,k

2
T ,R

2
T ,kT ·RT )

D1(z,M
2
h) =

Z
d⇠

Z
d'R

Z
d2kT F (z, ⇠,kT ,RT ; sL)

G?
(z,M2

h) = �M1M2

sL

Z
d⇠

Z
d'R

Z
d2kT cot('RK)F (z, ⇠,kT ,RT ; sL)

HM et al, arXiv:1707.04999, (2017)



VALIDATION TESTS



The Total Number of Pion Pairs
✦ Validate MC by analytically calculating the total number of pion 
pairs produced for given NL . 
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✓ MC simulations and Integral 
Expressions agree very well! 

✓z cuts allow fast convergence 
with NL .

✦ Extraction from DiFFs.

q Q Q’ Q’’

N (⇡+⇡�)
MC (NL) =

Z 1

0
dz Du!⇡+⇡�

1,[NL] (z)

N (⇡+⇡�)(NL) =
n0=NLX

n0=0

Cn0
NL

⇣2
3

⌘NL�n0
⇣1
3

⌘n0

U
⇣NL � n0

2

⌘
D
⇣NL � n0

2

⌘
.
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FIG. 6. The ratio G?(z)/D1(z) for di↵erent pion pairs (a),
and the cuts of z1,2 � 0.1 (b), for simulations with NL = 6.

neutral is 1
3 .

It is important to note, that due to flavor conservation,
the first produced charged pion should be a ⇡+, and each
subsequent charged pion should have an alternate charge.
Neutral pions can be produced at any stage without such
limitations. First, we count the number of di↵erent cases
when producing n0 neutral pions, where 0  n0  NL.
Let’s start with one of the possible scenarios for n0 pro-
duced hadrons

(

NL�n0z }| {
⇡+,⇡�,⇡+, ...,

n0z }| {
⇡0,⇡0,⇡0). (30)

The number of all possible permutations of this set is
NL!. Thus number will be over-counting the cases with
all permutations of just ⇡0s, which is n0!. Also, for a
given n0, there is only a single ordering of the charged
pion possible, as a permutation of any two same charged
hadrons would yield an identical set, while a permutation
of opposite signed hadrons would yield an invalid set that
violates the flavor conservation. Thus, we should also di-
vide the total number of sets by all possible permutations
of the charged pions, that is (NL �n0)!. Then, the num-

ber of such combinations is

Nn0 =
NL!

n0!(NL � n0)!
⌘ Cn0

NL
. (31)

and probability of producing any of such combinations is

P (n0) =
⇣2
3

⌘NL�n0
⇣1
3

⌘n0

. (32)

Just a quick verification of our formulae can be obtained
by calculating the total probability of producing NL

hadrons (all possible combinations) in NL steps, given
by

P =
n0=NLX

n0=0

Nn0P (n0) = 1, (33)

as expected.
The number of various ⇡⇡ pairs in each combination is

N (⇡+⇡�)(n0) = U
⇣NL � n0

2

⌘
D
⇣NL � n0

2

⌘
, (34)

N (⇡0⇡+)(n0) = n0 U
⇣NL � n0

2

⌘
, (35)

N (⇡�⇡0)(n0) = D
⇣NL � n0

2

⌘
n0, (36)

N (⇡+⇡+)(n0) = C2

U

⇣
NL�n0

2

⌘, (37)

N (⇡�⇡�)(n0) = C2

D

⇣
NL�n0

2

⌘, (38)

N (⇡0⇡0)(n0) = C2
n0
, (39)

where U(n), D(n) functions round up and down to the
nearest integer.
Finally, the total probability of producing a ⇡�⇡+ pair

after NL emissions is

N (⇡+⇡�)(NL) =
n0=NLX

n0=0

Nn0P (n0)N
(⇡+⇡�)(n0) (40)

=
n0=NLX

n0=0

Cn0
NL

⇣2
3

⌘NL�n0
⇣1
3

⌘n0

U
⇣NL � n0

2

⌘
D
⇣NL � n0

2

⌘
.

It is also clear, that this number is simply the inte-
gral over z of the unpolarized DiFF extracted from MC
simulations with NL produced hadrons.

N (⇡+⇡�)
MC (NL) =

Z 1

0
dz Du!⇡+⇡�

1,[NL] (z) (41)

The results of the calculations both using Eq. (40) and
Eq. (41) for a range of values of NL are presented in
the Table I. We see a very good agreement between the
two methods, given the discretization errors of the MC
simulations. The last row in the Table I represents the
results of MC simulations with cuts on minimum value
of z for each hadron in the pair, z � zmin = 0.1.

7

NL N (⇡+⇡�) N (⇡+⇡�)
N N (⇡+⇡�)

MC N (⇡+⇡�)
MC,zmin

2 4
9 0.44444 0.4444 0.350175

3 28
27 1.03704 1.03694 0.683999

4 152
81 1.87654 1.87641 0.959588

5 712
243 2.93004 2.92992 1.11531

6 3068
729 4.2085 4.20882 1.18162

7 12484
2187 5.70828 5.70867 1.20282

8 48752
6561 7.43057 7.43047 1.20809

TABLE I. The number of ⇡+⇡� pairs N (⇡+⇡�) for given
number of produced hadrons NL. The numbers in the third
row are the approximate numerical values obtained via the
Eq. (40), while those in the last row are the results of the
numerical simulations and Eq. (41). The last row shows the
results form the same MC simulations with cuts on minimum
value of z for each hadron in the pair: z1,2 � zmin = 0.1.

B. Two-step process and validation

Here we aim to validate our MC results for both unpo-
larized and helicity dependent DiFFs by deriving explicit
integral relations when an initial u quark produces only
a single ⇡+⇡� pair. We used a similar approach in sec-
tions IIC and IVA of [20] to derive similar expressions
for the unpolarized and unfavored Collins function for a
u ! ⇡� fragmentation for the case of two-hadron emis-
sion. We briefly review the kinematics setup here, and a
more detailed description can be found in Ref. [20].

In the quark-jet framework, the fragmenting quark q
(the initial u quark), emits a hadron h1 (a ⇡+ in our cal-
culations), leaving a remnant quark q1 (a d quark) car-
rying light-cone momentum fraction ⌘1 and transverse
momentum component p1?, where transverse direction
is defined with respect to the three-momentum vector of
q. The initial and remnant quark’s spin 3-vectors are
denoted as sq = (0, sL) and sq1 = (sT1 , sL1). In the sec-
ond hadronization step, the quark q1 emits a hadron h2

(a ⇡�) with light-cone momentum fraction ⌘2 and trans-
verse momentum p2? with respect to the 3-momentum
direction of q1. We can then easily calculate the momen-
tum of h2 in the initial frame using the Lorentz trans-
formation in Eq. (5).The number density for the process
of u ! ⇡+⇡� is simply the product of the corresponding
number densities for each of these two steps

F
(2)
q!h1h2

(⌘1,p1?, ⌘2,p2?; sq) (42)

=
X

q1

f̂q!q1+h1(⌘1,p1?; sq) · f̂q1!h2(⌘2,p2?; sq1).

The final results for the z-dependence of the unpolar-

ized and helicity dependent DiFFs are

D
(2)
1 (z) =

Z z

0

d⌘2
1� ⌘2

D̂q!q1
⇣ 1� z

1� ⌘2

⌘
D̂q1!h(⌘2), (43)

G
?(2)
1 (z)

M1M2
= �⇡2

Z z

0

d⌘2
1� ⌘2

Z
dp21?

Z
dp22? (44)

⇥⌘2(1� ⌘2)p21? � (1� ⌘1)p22?
z

⇥ 1

⌘1Mq
Ĝq!q1

T (⌘1, p
2
1?)

1

⌘2M2
Ĥ?(q1!h)(⌘2, p

2
2?),

where D̂, ĜT , and Ĥ? are the TMD elementary splitting
functions, and were calculated using the NJL model in
Ref. [20].
The plots in Fig. 7 depict the results for the unpo-

larized DiFF (a) and the helicity dependent DiFF (b),
calculated both using the MC method (plotted with red
points) and the explicit integral relations in Eqs. (43,44)
(plotted with black lines) forNL = 2. We notice a perfect
agreement between the two methods, both for the unpo-
larized and the helicity dependent DiFFs, validating our
calculations.
It is also worth examining the structure of Eq. (44),

which elucidates the microscopic mechanism for generat-
ing the helicity dependent DiFFs in the quark-jet frame-
work. Here the ”worm-gear” type elementary splitting
function GT for the first quark-to-quark process, describ-
ing the correlation of a the transverse polarization of the
remnant quark with the initial longitudinal polarization
of the fragmenting quark, is convoluted with the elemen-
tary Collins function H? for the second hadron emission,
describing the correlation of the emitted hadron’s trans-
verse momentum with the quark’s transverse polariza-
tion. Thus, even in the case of the longitudinal polariza-
tion, the Collins e↵ect in the single hadron emission pro-
cess is responsible for generating the two-hadron correla-
tions the initial longitudinal polarization, together with
the momentum recoil mechanism of the quark-jet frame-
work. This is a fascinating results, as naively Collins
e↵ect is usually associated with the correlations involv-
ing the transverse polarization. Finally, we have to note,
that it is possible for a helicity dependent two hadron
correlation to be generated by the so-called interference
mechanism of the hadron pair produced in di↵erent chan-
nels (let’s say as decay products of resonances emitted by
the quark), as detailed in Ref. [4]. Nevertheless, such cal-
culations are beyond the scope of this work.

V. CONCLUSIONS

The spin-dependent correlations in two-hadron frag-
mentation functions provide a wealth of information
about the hadronization process. Moreover, they provide
an additional method for exploring the momentum and
spin structure of the nucleon via the two-hadron SIDIS



LONGITUDINAL POLARISATION
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✦ DiFF for longitudinally polarized quark:

˜G?
1 (z) = � 1

sL

Z
d⇠

Z
d2RT

Z
d2kT cot('RK)F (z, ⇠,kT ,RT ; sL).

✦ The extraction method works:  the angular dependence for NL=2.

sL (kT ⇥RT ) · ẑ

F
FE

FO
FO cot(!RK)

u π+ π -, NL = 2−0.05

0

0.05

0.10

!RK
0 π/2 π 3π/2 2π

FO('RK) =
F ('RK)� F (2⇡ � 'RK)

2

FE('RK) =
F ('RK) + F (2⇡ � 'RK)

2

(given large enough statistics!)



VALIDATION: 2 PRODUCED HADRONS

 36
✓ Collins effect generates helicity dep. two-hadron correlation!

Spin rotation Collins effect at 2-nd emission
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F (2)
q!h1h2

=
X

q1

f̂q!q1+h1 ⌦ f̂q1!h2 .

✦ Validate MC simulations by comparing to explicit Integral 
Expressions (IE). Only pions produced in the first two steps!

G
?(2)
1 (z) = Ĝq!q1

T ⌦ Ĥ?(q1!h)D(2)
1 (z) =D̂q!q1 ⌦ D̂q1!h



RESULTS



Results for helicity dependant DiFFs
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✦ Results for helicity DiFFs, NL dependence, various pairs. Cuts:

✦                cut enhances the analysing power at high-z for larger NL !
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Helicity DiFFs in SIDIS
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‣ SIDIS extraction in COMPASS‣ First two moments from quark-jet
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3

III. DATA ANALYSIS

This work comprises the analysis of combined data,
obtained by scattering naturally polarized µ+ with a
nominal momentum of 160GeV/c during a dedicated
data taking in 2007, respectively of 200GeV/c in 2011,
o↵ a longitudinally polarized solid state NH

3

target. A
priori the Q2-evolution and the kinematic dependences
of the considered asymmetries are unknown. Still, from
general considerations, these kind of e↵ects are expected
to be small or negligible within experimental accuracy.
Hence, we find it reasonable to merge both data sets,
although di↵erent beam energies were used.

The standard COMPASS DIS cuts were applied. In
particular was the four-momentum transfer limited to
Q2 > 1 (GeV/c)2, the fractional energy transfer of the
muon set to 0.1 < y < 0.9 and the invariant mass of the
hadronic system required to beW > 5GeV/c2. To match
COMPASS kinematics, the Bjorken variable was limited
to 0.0025 < x < 0.7. Per selected event, all possible com-
binations of hadron pairs were included in the analysis.
The fractional energy for each hadron was required to
be z

1/2

> 0.1 and the Feynman variable x
F,1/2

> 0.1.
To further exclude exclusive events from the sample, the
missing energy

E
miss

=
(P + q � P

h

)2 � q2

2M
=

M2

X

�M2

2M
, (10)

was required to fulfill E
miss

> 3GeV. Here, M and
M

X

stand for the mass of the proton, respectively the
mass of the undetected recoiling system. Finally, a cut
R

T

> 0.07 was applied, to ensure the well-definition of
the corresponding hadronic plane, hence the angle �

R

.

A further remark should be given concerning the
polarization of the target. Since it is practically po-
larized along beam direction, there enters a transverse
spin contribution when considering the frame where the
z-axis points along the direction of the virtual photon. In
this analysis, this contribution of transverse polarization
components along the photon axis is neglected due to its
strong suppression in COMPASS kinematics.

All azimuthal asymmetries are extracted in bins of x,
z = z

1

+ z
2

and the invariant mass M
inv

, including a
correction per kinematic bin regarding the beam polar-
ization, the target polarization, the dilution of the target,
as well as for respective depolarization factors.

IV. RESULTS

Our results for the asymmetries arising at leading
twist are shown in Fig. 3 and Fig. 4, where the statistical
errors are represented by the error bars and the system-
atic uncertainties are indicated by color bands on the
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Figure 2. Measured integrated azimuthal asymmetries arising
in the di-hadron cross-section up to subleading twist, consid-
ering scattering o↵ longitudinally polarized protons. Shown
are the mean values when integrating over the entire kine-
matic range. The upper nine values correspond to asymme-
tries arising in a TMD approach at leading twist while the last
two refer to the asymmetries at subleading twist in a collinear
approach.

bottom of each plot. No eminent kinematic dependence
is observed on any of the considered variables. The
asymmetries are found to be quite narrowly distributed
around zero over the entire kinematic ranges.

Fig. 5 shows our results for the two asymmetries at

subleading twist. The single spin asymmetry A
sin(�R)

UL

is
found to be clearly positive within experimental preci-
sion, averaging

A
sin(�R)

UL

= 0.0050± 0.0010(stat)± 0.0007(sys). (11)

This measurement confirms non-zero results from CLAS,
measured in the high x-region. As already motivated in
Sec. II the presented results can serve to access the still
unknown PDF h

L

(x).

The double spin asymmetry A
cos(�R)

LL

was found to av-
erage

A
cos(�R)

LL

= �0.0135± 0.0064(stat)± 0.0046(sys). (12)

The fact, that this asymmetry is found to be small
within the experimental precision could consequently
corroborate the Wandzura-Wilzcek assumption of negli-
gible quark-gluon correlations on the fragmentation side,

G?
(cos('k � 'R)) = G?[0]

+ cos('k � 'R)G
?[1]...



Transverse Polarisation 
in DiHadron FFs



TRANSVERSELY POL. DIFFS FROM NUMBER DENSITY

✦ Slightly more complicated procedure:

✦ SIDIS DiFFs:

✦ e+e- DiFFs:
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H?,e+e�

1 (z) =
2

sT

D
cos('R � 's)

sin('RK)

F
E

H^,e+e�

1 (z) = � 2

sT

⌦
cos('k � 's)

sin('RK)

F
E

H^,SIDIS
1 (z) =

2

sT

⌦
sin('R � 's)F

E

H?,SIDIS
1 (z) =

2

sT

⌦
sin('k � 's)F

E

F ('R,'k; sT ) =D1(cos('RK))

+ aR sin('R � 's)H
^
1 (cos('RK))

+ aK sin('k � 's)H
?
1 (cos('RK))



Analysing Power for Longitudinal Spin

✦ Comparing the analysing powers for all polarized DiFFs.

✦  Alternate signs for the two DiFFs.

✦ Significant differences between SIDIS and e+e- results!
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✦ The e+e- cross section derivations under review!
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Analysing powers for DiFFs in e+e- 

✦ The analysing powers of DiFFs from quark-jet framework.

✦ BELLE results:

P
o
S
(
D
I
S
2
0
1
5
)
2
1
6

Fragmentation Functions at Belle Anselm Vossen

Figure 2: Results for Acos(2(FR1�FR2 )) binned in M and z. The black error bars are statistical and the green
bands show the systematic uncertainty.

measured which are thought to be sensitive to the helicity dependent fragmentation function G?
1 .

This function is supposed to vanish in the absence of helicity dependent correlations of the in-
trinsic transverse momentum in the fragmentation process with momentum difference of hadrons
in the pair. Therefore, the existence of this function might be interpreted as a validation of the
so-called TMD framework which forms the base for the theoretical interpretation of a large class
of transverse spin phenomena [21]. However, within the experimental uncertainties no signal is
observed at Belle. In addition to ongoing analysis on the Belle dataset, an upgraded experiment,
Belle-II is currently under construction with the plan to use an upgraded KEKB storage ring, then
called Super-KEKB, to sample about 40 times the luminosity compared to Belle [22]. For the frag-
mentation function program in particular the upgraded particle identification capabilities and the
improved vertex resolution are of importance to select multi-kaon final states and effectively isolate
contributions from charm production. In addition, the hermiticity of the detector as well as energy
and momentum resolution will be improved. Together with the improved capability to reconstruct
low momentum tracks, this will help increase the precision of future measurements of observables
related to the extraction of fragmentation functions.
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FIG. 2: Relative contributions of various processes for pion pairs as a function of the 8 × 8 m1,m2 bin number. The closed
circles denote light quark-antiquark pair events, inverted triangles – charm events, triangles – charged B meson pairs, open
circles – neutral B meson pairs and squares – τ pairs.

TABLE II: Integrated asymmetries for the two reconstruction methods and their average kinematics.

⟨z1⟩, ⟨z2⟩ 0.4313
⟨m1⟩, ⟨m2⟩ 0.6186 GeV/c2

⟨sin2 θt/(1 + cos2 θt)⟩ 0.7636
⟨sin θ1d⟩, ⟨sin θ2d⟩ 0.9246
⟨cos θ1d⟩, ⟨cos θ2d⟩ 0.0013

a12 −0.0196 ± 0.0002(stat.) ± 0.0022(syst.)
a12R −0.0179 ± 0.0002(stat.) ± 0.0021(syst.)
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Summary: Large azimuthal asymmetries for two π+π− pairs in opposite hemispheres were extracted from a 672
fb−1 data sample. The asymmetries monotonically decrease as a function of z1,2 and m1,2 and no sign change is
observed in contrast to [18]. The interference fragmentation function can be extracted from those asymmetries and
used in a global fit to the SIDIS data [9, 10] to obtain the transversity distribution function.
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The Effect of Vector Mesons (VM) 
on (unpol) DiFFs



INCLUSION OF VECTOR MESONS AND (STRONG) DECAYS

• A naive assumption: VMs should have modest contribution due to 
relatively small production probability 

• But: Combinatorial factors enhance VM contribution significantly!

• Let’s consider only two hadron emission

45

u ! d+ ⇡+ ! u+ ⇡� + ⇡+

⇡�⇡0

u ! u+ ⇢0 ! u+ ⇢0 + ⇢0

⇡+⇡�
⇡+⇡�

Direct:

VM:

...

P (⇡+)/P (⇢+) ⇡ 1.7

PDir(⇡
+⇡�)/PVM (⇡+⇡�) ⇡ 1

4

u ! d+ ⇡+ ! u+ ⇢� + ⇡+
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2- AND 3-BODY DECAYS

�V (s) =
m2

V

s
�V

✓
q(s)

q(m2
V )

◆3

DV (s) = m2
V � s� i

p
s�V (s)

Relative Momentum of 
daughters in their CM frame.

Achasov et al. (SND), PRD 68, 052006, (2003).

• Resonance propagator:

• 3-body decay amplitude (ignore small width):

• Simulate 2- and 3-body phase space in LC.

The      spectrum of pseudoscalars is strongly affected by VM decays.M2
h

• 2-body decay amplitude: M(p1, p2) =
gh1h2
V ✏µ(p2µ � p1µ)

DV (q2)

M(p1, p2, p3) = "µ↵��✏
µp↵1 p

�
2p

�
3

X

i=0,±

gV ⇢i⇡ g⇢i⇡⇡

D⇢i(v
2
i )

• We include only the 2-body decays         . 

• Both 2- and 3-body decays of         . 

⇢,K⇤

!,�

q

p 1

p 2

p 3

k
q

p 1

p 2
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Effect of VMs on Unpol. DiFFs
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Effect of VMs on Unpol. DiFFs
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PYTHIA RESULTS FOR u ! ⇡�⇡+
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Recent BELLE Results

 49

✦ Invariant mass dependence of unroll DiFFs:

✦  Note:

✦ Large z favours large  Mh !

✦ Non-resonant channels have no Mh structure, but are amplified!

arXiv:1706.08348

D(z,Mh)dMh = 2Mh D(z,M2
h)dMh



CONCLUSIONS
❖Hadronization Models are needed to calculate polarised TMD FFs and 

DiFFs, and study various correlations between them.

❖ Polarised hadronisation in MC generators: support for future experiments to 
map the 3D structure of nucleon (COMPASS,  JLab12,  BELLE II, EIC).

❖  The quark-jet framework describes hadronization of a quark with 
arbitrary polarization via spin density matrix formalism.

❖  All 3 DiHadron spin correlations from single-hadron effects in quark-jet!

❖  Naturally small signal for helicity-dependent DiFFs.

❖ Sizeable differences for IFF in SIDIS and e+e- ( pending a review the cross 
section derivations for e+e- ).
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BACKUP SLIDES
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Number Densities
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• The full number density

F (z, ⇠,kT ,RT ; s) = D1(z, ⇠,k
2
T ,R

2
T , cos('RK))

� sL
RT kT sin('RK)

M1M2
G?

1 (z, ⇠,k
2
T ,R

2
T , cos('RK))

+

sTRT sin('R � 's)

M1 +M2
H^

1 (z, ⇠,k2
T ,R

2
T , cos('RK))
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sT kT sin('k � 's)

M1 +M2
H?
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T ,R

2
T , cos('RK))

• The differential element

dN(z, ⇠,kT ,RT ; s) = F (z, ⇠,kT ,RT ; s)dzd⇠d
2RT d

2kT



Longitudinal Spin

 54

✦ FF for longitudinally polarized quark:

D

h1h2
q! ('R�T ) = D

h1h2
q [cos('R�T )] + sL sin('R�T )G[cos('R�T )]

'R�T ⌘ 'R � 'T

✦ Proof of linear dependence on sL: 9  values of                for               .NL = 6(sL, sT )

(R⇥T) · sL



Results for unpolarized DiFF
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✦ Results for unpolarized DiFFs, NL dependence, various pairs:

✦                cut brings in convergence with NL !
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PYTHIA SIMULATIONS
• Only Hadronize. Allow the same resonance decays as NJL-jet.
• Setup hard process with back to back        along z axis.q q̄

• Assign hadrons with positive       to     fragmentation.pz q
Eq = 10 GeV
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Saturations of FFs with h Rank

✦ FFs vs Rank of produced hadron.
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✓ Hadrons of Rank > 4 are negligible for FFs at z > 0.1
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NAMBU--JONA-LASINIO MODEL

•Effective Quark Lagrangian

G

LNJL =  q(i/@ �mq) q +G( q� q)
2

Effective Quark model of QCD

•Covariant, has the same flavor symmetries as QCD.
•Low energy chiral effective theory of QCD.

Yoichiro Nambu and Giovanni Jona-Lasinio: 

 “Dynamical Model of Elementary Particles Based on an 
Analogy with Superconductivity. 1” 

 Phys.Rev. 122, 345 (1961)
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NAMBU--JONA-LASINIO MODEL
•Dynamically Generated Quark Mass 
from GAP Eqn.

Gap Equation & Mass Generation

9 /27

−1

=
−1

+ +

π, ρ, ω, . . .

+ . . .

● Quark propagator:
1

/p − m + iε
➞

1

/p − M + iε

● Mass is generated via interaction with vacuum
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effect of gluon cloud
Rapid acquisition of mass is

● Dynamically generated quark masses ⇐⇒ ⟨ψψ⟩ ≠ 0

● Proper-time regularization: ΛIR and ΛUV

➞ Z(p2 = M2) = 0 =⇒ No free quarks =⇒ Confinement

Fixing Model Parameters

k

p

kk

k

- 1- 1
= +

k
q

q−k

k

•Pion mass and quark-pion coupling from 
t-matrix pole.

k
q

q−k

k

•Pion decay constant

•Use Lepage-Brodsky Invariant Mass cut-off regularisation scheme.

• Choose a              and use physical      ,       ,       , to fix 
model parameters      ,     ,       and calculate           .Ms

Mu(d) m⇡f⇡ mK
G⇤3 ghqQ

M12  ⇤12 =
q
⇤2
3 +M2

1 +
q

⇤2
3 +M2

2
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DEPENDENCE ON NUMBER OF 
 EMITTED HADRONS

‣Restrict the number of emitted hadrons,             in MC.

z D
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Splitting Function
Integral Equations
NLinks=1
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NLinks=8
NLinks=20

NLinks

‣We reproduce the splitting function and the full solution perfectly.
‣The low z region is saturated with just a few emissions.
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SOLUTIONS OF THE INTEGRAL EQUATIONS
H.M., Thomas, Bentz, PRD. 83:074003, 2011

Q2=0.2 GeV2
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✦ Input elementary probabilities from NJL:

✦ Solutions of the integral equations:
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SOLUTIONS OF THE INTEGRAL EQUATIONS
H.M., Thomas, Bentz, PRD. 83:074003, 2011
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Lorentz Transforms of  TM
‣Boosts from 0 TM frame that preserve “-” component.

62

Diehl: NPB 596, 33 (2001)(2015)

P? = p? + zk?z ⌘ p�

k�
=

p0�

k0�

‣In case of two (or more) hadrons: same story!

q h
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L (k+, k� = k0�,k?)

(k0+, k0�,k0
? = 0) (p+, p�,p?)

(P+, P� = p�,P? = p? + zk?)
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1 k2
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2(k�)2
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AVERAGE  Transverse Momenta vs z
FRAGMENTATION
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data: A. Signori, et al: JHEP 1311, 194 (2013)
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✓Multiple hadron emissions: broaden the TM dependence at low z!
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TMD FRAGMENTATION FUNCTIONS

64

• UNFAVOREDFAVORED

⇡

K
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COMPARISON WITH GAUSSIAN ANSATZ

• Average TM:
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?D(z, P 2
?)R

d2P? D(z, P 2
?)

• Gaussian ansatz assumes:



Different Hadronization Mechanisms.
LUND Model

 66

Quark-Jet

q
Q

Q’ Q’’

h 2h 1

✦  No correlation in TM: h1 and h2. ✦  Recoil TM of h1 affects h2

✦Fragmentation of      pair: break-
up of the string.

✦Fragmentation of   , similar to 
QFT definition of FFs.

qq̄ q

✦  Independent breaking of the string. ✦  Time-ordered hadron emissions.

✦  Quark TM indep. of hadron type. ✦                 depends on h (spin, mass).q ! Qh

u ! u+ ss̄, s ! s+ ss̄
u ! K+ + s, s ! �+ s

u ! K⇤+ + s

❖ Can we find a signature in polarized FFs? Perhaps Dihadron FFs?



Different Hadronization Mechanisms.
LUND Model
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Different Hadronization Mechanisms.
LUND Model
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TMD FFs for Spin-0 and Spin-1/2 Hadrons

h/q U L T
U
L
T

D1 H?
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1TH1T

F q!⇡(z,p?; s)

/q U L T
U D1 H?
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F q!h"
(z,p?; s,S)
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✦ TMD Polarized Fragmentation Functions at LO. 
‣Only two for unpolarised final state hadrons. 
‣8 for spin 1/2 final state (including quark). Similar to TMD PDFs.

❖The transverse momentum (TM) of the hadron can couple 
with both its own spin and the spin of the quark!



Field-Theoretical Definitions

 68

• The definitions of FFs from the quark correlator

• The quark-quark correlator.
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(SOME of the) MODELS  FOR FRAGMENTATION
•Lund String Model

• Very Successful implementation in JETSET, PYTHIA.
• Highly Tunable.
• No Spin Effects - Formal developments by X. Artru 

et al, very recent unpublished results.

•Spectator Model
• Quark model calculations with empirical form 

factors.
• No unfavored fragmentations.
• Need to tune parameters for small z dependence.

•NJL-jet Model
• Multi-hadron emission framework with

     effective quark model input.
• Monte-Carlo framework allows flexibility in     

including the transverse momentum, 
     spin effects,  two-hadron correlations, etc. 

6 M. RADICIA. Bacchetta et al. / Physics Letters B 659 (2008) 234–243 235

Fig. 1. Tree-level diagram for quark to meson fragmentation process.

from gluons. We do not want to promote the specific elements of the model as the “truth”. In fact, it is not unreasonable to expect
that the dynamical mechanism of gluon final-state interactions can be applied also in other models, leading to results similar to
ours. In the future, calculations based on such mechanism might be made more rigorous within a QCD framework.

We also present, for the first time, the Collins function for the fragmentation of quarks into kaons. This calculation is relevant
for the interpretation of recent kaon measurements done at HERMES [16] as well as COMPASS [17] and for future measurements
at BELLE and JLab.

2. Model calculation of the unpolarized fragmentation function

In the fragmentation process, the probability to produce hadron h from a transversely polarized quark q , in, e.g., the qq̄ rest
frame if the fragmentation takes place in e+e− annihilation, is given by (see, e.g., [18])

(1)Dh/q↑
(
z,K2

T

)
= D

q
1

(
z,K2

T

)
+ H

⊥q
1

(
z,K2

T

) (k̂ × KT ) · sq

zMh
,

where Mh the hadron mass, k is the momentum of the quark, sq its spin vector, z is the light-cone momentum fraction of the hadron
with respect to the fragmenting quark, and KT the component of the hadron’s momentum transverse to k. D

q
1 is the unintegrated

unpolarized fragmentation function, while H
⊥q
1 is the Collins function. Therefore, H

⊥q
1 > 0 corresponds to a preference of the

hadron to move to the left if the quark is moving away from the observer and the quark spin is pointing upwards.
In accordance with factorization, fragmentation functions can be calculated from the correlation function [19]

(2)!(z, kT ) = 1
2z

∫
dk+ !(k,Ph) = 1

2z

∑

X

∫
dξ+ d2ξT

(2π)3 eik·ξ ⟨0|Un+
(+∞,ξ)ψ(ξ)|h,X⟩⟨h,X|ψ̄(0)Un+

(0,+∞)|0⟩
∣∣
ξ−=0,

with k− = P −
h /z. A discussion on the structure of the Wilson lines, U , can be found in Ref. [19]. Here, we limit ourselves to

recalling that in Refs. [20,21] it was shown that the fragmentation correlators are the same in both semi-inclusive DIS and e+e−

annihilation, as was also observed earlier in the context of a specific model calculation [20] similar to the one under consideration
here. In the rest of the article we shall utilize the Feynman gauge, in which transverse gauge links at infinity give no contribution
and can be neglected [22–24].

The tree-level diagram describing the fragmentation of a virtual (timelike) quark into a pion/kaon is shown in Fig. 1. In the
model used here, the final state |h,X⟩ is described by the detected pion/kaon and an on-shell spectator, with the quantum numbers
of a quark and with mass ms . We take a pseudoscalar pion–quark coupling of the form gqπγ5τi , where τi are the generators of
the SU(3) flavor group. Our model is similar to the ones used in, e.g., Refs. [25–28]. The most important difference from previous
calculations that included also the Collins function, i.e., those in Refs. [8–12], is that the mass of the spectator ms is not constrained
to be equal to the mass of the fragmenting quark.

The fragmentation correlator at tree level, for the case u → π+, is

(3)!(0)(k,p) = −
2g2

qπ

(2π)4

(/k + m)

k2 − m2 γ5(/k − /P h + ms)γ5
(/k + m)

k2 − m2 2πδ
(
(k − Ph)

2 − m2
s

)

and, using the δ-function to perform the k+ integration,

(4)!(0)(z, kT ) =
2g2

qπ

32π3

(/k + m)(/k − /P h − ms)(/k + m)

(1 − z)P −
h (k2 − m2)2

,

where k2 is related to k2
T through the relation

(5)k2 = zk2
T /(1 − z) + m2

s /(1 − z) + M2
h/z,

which follows from the on-mass-shell condition of the spectator quark of mass ms . We take m to be the same for u and d quarks,
but different for s quarks. Isospin and charge-conjugation relations imply

(6)Du→π+
1 = Dd̄→π+

1 = Dd→π−
1 = Dū→π−

1 ,

Fig. 3. – The spectator approximation for a parton with momentum k fragmenting into a detected
hadron with momentum Ph.

recently published [45], but it is fair to say that a full treatment of TMD evolution in
the Collins e↵ect is still missing.

3. – Models

Since the extraction of fragmentation functions from experimental data is a↵ected
by large uncertainties, as we have seen about the Collins function and, more generally,
about the KT dependence acquired by hadrons during the fragmentation, it is desirable
that this phenomenology is supported by model speculations. In the following, we sketch
three main classes of models that appeared in the recent literature.

3
.1. Spectator approximation. – The spectator approximation amounts to describe the

fragmentation as the decay of a parton with momentum k into the observed hadron h
with momentum Ph leaving a residual system in an on-shell state with momentum k�Ph

(see the diagram in Fig. 3). The latter condition grants that most of the calculations
can be performed analytically, including the expression for the o↵-shellness k2(z) of the
fragmenting parton. The drawback is that only the favoured channel can be taken into
account.

For the typical u ! ⇡+ channel, two main choices have been adopted in the literature
for the quark-pion-spectator vertex: the pseudoscalar coupling g⇡q�5 [46, 47, 48, 49, 50]
and the pseudovector coupling g⇡q�5�µPµ

h [51, 52, 48]. In all cases the coupling was
assumed to be point-like except in Refs. [50, 49], where a gaussian form factor was used
with a z-dependent cut-o↵.

Complicated objects like the Collins function appear if there are nonvanishing in-
terference diagrams involving di↵erent channels. In the spectator approximation, these
final-state interactions can be achieved by adding to the left or right side of the diagram
in Fig. 3 insertions involving pions and/or gluons. As an example, in Fig. 4 the KT - inte-

grated 1
2 -moment H

? ⇡+(1/2)
1,u (normalized to D⇡+

1,u) from Ref. [49] is plotted as a function
of z for three di↵erent hard scales and compared with the parametrization of Ref. [43],
whose statistical error is represented by the uncertainty band. The spectator results were
obtained using a pseudoscalar q⇡ coupling and gluon insertions. The model parameters
were fixed by reproducing the unpolarized D1 at the lowest available Q2 = 0.4 GeV2,
as it was extracted from e+e� data in Ref. [53]. Since the parametrization of H?

1 was
performed using SIDIS data for the Collins e↵ect at Q2 = 2.5 GeV2, the band in Fig. 4
should be compared with the dashed (green) line, showing a substantial agreement with
the spectator model.

q
Q

Q’ Q’’

p
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String vs. Cluster
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program PYTHIA HERWIG
model string cluster
energy–momentum picture powerful simple

predictive unpredictive
parameters few many
flavour composition messy simple

unpredictive in-between
parameters many few

“There ain’t no such thing as a parameter-free good description”



Positivity and Polarisation of Quark

✦ The probability density is Positive Definite: constraints on FFs.
Bacchetta et al,  PRL 85, 712 (2000) .

✦ Average value of remnant quark’s spin.

 70

hST iQ = sT

R
dz

h
h(q!Q)
T (z) + 1

2z2M2
Q

h?[1](q!Q)
T (z)

i

R
dz d(q!Q)(z)

hT (z) = �d(z)✦  In spectator model, at leading order:

✦ Non-zero        means                           (full flip of the spin)!h?
T hST iQ 6= �sT

✦ Leading-order T-Even functions FULLY Saturate these bounds!

H? D?
T✦ For non-vanishing        and      , need to calculate T-Even FFs at 

next order!



SPECTATOR MODELS

✦ Calculate the FFs at leading-order in favourite quark model.

 71

E.G. - Bacchetta et al, PLB 659:234, 2008

✦Use Field-theoretical definition of FFs from a Correlator.

✦ Approximate the remnant X as a “spectator” (quark).

A. Bacchetta et al. / Physics Letters B 659 (2008) 234–243 237

(a) (b) (c)

Fig. 2. Unpolarized fragmentation function zD1(z) vs. z for the fragmentation (a) u → π+, (b) u → K+ , (c) s̄ → K+ in the spectator model (solid line), with
parameters fixed from a fit to the parametrization of [29] (dashed line).

+ + + + H.c.

(a) (b) (c) (d)

Fig. 3. Single gluon-loop corrections to the fragmentation of a quark into a pion contributing to the Collins function in the eikonal approximation. “H.c.” stands for
the Hermitian conjugate diagrams which are not shown.

Q0 = 0.4 GeV2. The resulting values for the parameters are

(20)gqπ = 4.78, λ = 3.33 GeV, α = 0.5 (fixed), β = 0 (fixed),

which are common to both pion and kaon fragmentation functions. The only parameters that change according to the type of
fragmentation function are

(21)u → π+: ms = 0.792 GeV, m = 0.3 GeV (fixed),

(22)u → K+: ms = 1.12 GeV, m = 0.3 GeV (fixed),

(23)s̄ → K+: ms = 0.559 GeV, m = 0.5 GeV (fixed).

Obviously, also the mass of the hadron changes: we take mh = 0.135 GeV for the pions and mh = 0.494 GeV for the kaons. We
remark that it is not possible to estimate the errors in the parameters in a meaningful way because the fragmentation functions in
Ref. [29] have no error bands. It could be in principle possible to use the recent parametrizations with error bands [30], but the
lowest scale they reach is 1 GeV2, which we consider to be too high to compare to our model.

Fig. 2 show the plots of the unpolarized fragmentation function D1(z) multiplied by z for u → π+, u → K+, and s̄ → K+. The
parametrization of [29] (NLO set, Q0 = 0.4 GeV2) is also shown for comparison.

3. Model calculation of the Collins fragmentation function

We use the following definition of the Collins function [12]1

(24)
ϵ
ij
T kTj

Mh
H⊥

1
(
z, k2

T

)
= 1

2
Tr

[
&(z, kT )iσ i−γ5

]
.

As is well known [12], using the tree-level calculation of the correlator function is not sufficient to produce a non-vanishing Collins
function, due to the lack of imaginary parts in the scattering amplitude. In order to obtain the necessary imaginary part, we take
into account gluon loops. In fact, gluon exchange is essential to ensure color gauge invariance of the fragmentation functions.
Contributions come from the four diagrams in Fig. 3. Diagrams (a) and (b) represent the quark self-energy and vertex diagrams,
respectively. Diagrams (c) and (d) can be called hard-vertex and box diagrams, respectively. For the calculation of the diagrams

1 The factor 1/2 is due to a slightly different definition of the correlator in Eq. (2) with respect to Ref. [12].

function is

D1!z; z2 ~k2T" # Tr$!!z; ~kT"!%&: (2)

We compute the unpolarized fragmentation functions at
tree level only, i.e. only using the diagram of Fig. 1. This is
not entirely consistent with the fact that one-loop correc-
tions need to be introduced in order to calculate the Collins
function. We believe that the corrections to our final results
will be small, though it would be appropriate to check in
which kinematical region this statement holds. The result
obtained from the calculation of the tree-level diagram is

D1!z; z2 ~k2T" #
1

z
g2

16"3

~k2T 'm2

! ~k2T 'm2 ' 1%z
z2 m

2
""2

: (3)

The integrated unpolarized fragmentation function
D1!z" is defined as

D1!z" # "
Z ~K2

Tmax

0
d ~K2

TD1!z; ~K2
T"; (4)

where ~KT # %z ~kT denotes the transverse momentum of
the outgoing hadron with respect to the quark direction.
The upper limit on the ~K2

T integration is set by the cutoff on
the fragmenting quark virtuality, #2, and corresponds to

~K 2
Tmax # z!1% z"#2 % zm2 % !1% z"m2

": (5)

The analytic result for the integrated fragmentation func-
tion is

D1!z" #
g2

16"2

!

z ln
"!1% z"!#2 %m2"
z!m2 'm2

"
1%z
z2 "

#

% !z!1% z"#2 % zm2 % !1% z"m2
""

( m2
"

z2!#2 %m2"!m2 'm2
"

1%z
z2 "

$

: (6)

In Fig. 2 we show the result of the model calculation of
the function Du!"'

1 for a choice of the coupling constant

g # 3 and for different values of the parameters # and m.
Our value for g is about 1=3 of the pseudoscalar pion-
nucleon coupling, which can be considered as a reasonable
choice. Of course this value is not extremely well deter-
mined. Nevertheless, most of the pertinent results like the
z-shape of fragmentation functions, and the relative mag-
nitude of various contributions to the Collins function are
not very sensitive to the precise value of g. Keeping in
mind this large value of g it is quite possible that higher
order corrections to the calculation of D1 can be signifi-
cant. However, without performing an explicit calculation
of such corrections one cannot make a definite statement
about their numerical importance.

From Fig. 2 we deduce that, apart from the trivial
dependence on the coupling strength, an increase of the
cutoff or a decrease of the quark mass makes the fragmen-
tation function bigger, without sensibly changing the z
dependence. The shape of the unpolarized fragmentation
function is very far from standard parametrizations ex-
tracted from phenomenology (see, e.g. Ref. [32]), even
from a qualitative point of view. As mentioned before,
different behaviors can be obtained by modifying the
model through the insertion of form factors, as can be
seen comparing our results with those of Ref. [21].

B. Collins function from pion loops

We use the following definition of the Collins function
[2], in agreement with the ‘‘Trento conventions’’ [33],

$ijT kTj
m"

H?
1 !z; z2 ~k

2
T" # Tr$!!z; ~kT"i%i%!5&: (7)

The Collins function receives contributions only from
the interference between two amplitudes with different
imaginary parts. In our case, the tree-level amplitude is
real and the necessary imaginary parts are generated by the
inclusion of one-loop corrections. Such corrections contain
imaginary parts if and only if it is kinematically possible
that the particles in the loop go on shell. In this section, we
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FIG. 2. Unpolarized fragmentation function Du!"'
1 in a fragmentation model with pseudoscalar pion-quark coupling. Left panel:

dependence on the parameter # (for m # 0:3 GeV). Right panel: dependence on the parameter m (for # # 1 GeV).
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Fig. 1. Tree-level diagram for quark to meson fragmentation process.

from gluons. We do not want to promote the specific elements of the model as the “truth”. In fact, it is not unreasonable to expect
that the dynamical mechanism of gluon final-state interactions can be applied also in other models, leading to results similar to
ours. In the future, calculations based on such mechanism might be made more rigorous within a QCD framework.

We also present, for the first time, the Collins function for the fragmentation of quarks into kaons. This calculation is relevant
for the interpretation of recent kaon measurements done at HERMES [16] as well as COMPASS [17] and for future measurements
at BELLE and JLab.

2. Model calculation of the unpolarized fragmentation function

In the fragmentation process, the probability to produce hadron h from a transversely polarized quark q , in, e.g., the qq̄ rest
frame if the fragmentation takes place in e+e− annihilation, is given by (see, e.g., [18])

(1)Dh/q↑
(
z,K2

T

)
= D

q
1

(
z,K2

T

)
+ H

⊥q
1

(
z,K2

T

) (k̂ × KT ) · sq

zMh
,

where Mh the hadron mass, k is the momentum of the quark, sq its spin vector, z is the light-cone momentum fraction of the hadron
with respect to the fragmenting quark, and KT the component of the hadron’s momentum transverse to k. D

q
1 is the unintegrated

unpolarized fragmentation function, while H
⊥q
1 is the Collins function. Therefore, H

⊥q
1 > 0 corresponds to a preference of the

hadron to move to the left if the quark is moving away from the observer and the quark spin is pointing upwards.
In accordance with factorization, fragmentation functions can be calculated from the correlation function [19]

(2)!(z, kT ) = 1
2z

∫
dk+ !(k,Ph) = 1

2z

∑

X

∫
dξ+ d2ξT

(2π)3 eik·ξ ⟨0|Un+
(+∞,ξ)ψ(ξ)|h,X⟩⟨h,X|ψ̄(0)Un+

(0,+∞)|0⟩
∣∣
ξ−=0,

with k− = P −
h /z. A discussion on the structure of the Wilson lines, U , can be found in Ref. [19]. Here, we limit ourselves to

recalling that in Refs. [20,21] it was shown that the fragmentation correlators are the same in both semi-inclusive DIS and e+e−

annihilation, as was also observed earlier in the context of a specific model calculation [20] similar to the one under consideration
here. In the rest of the article we shall utilize the Feynman gauge, in which transverse gauge links at infinity give no contribution
and can be neglected [22–24].

The tree-level diagram describing the fragmentation of a virtual (timelike) quark into a pion/kaon is shown in Fig. 1. In the
model used here, the final state |h,X⟩ is described by the detected pion/kaon and an on-shell spectator, with the quantum numbers
of a quark and with mass ms . We take a pseudoscalar pion–quark coupling of the form gqπγ5τi , where τi are the generators of
the SU(3) flavor group. Our model is similar to the ones used in, e.g., Refs. [25–28]. The most important difference from previous
calculations that included also the Collins function, i.e., those in Refs. [8–12], is that the mass of the spectator ms is not constrained
to be equal to the mass of the fragmenting quark.

The fragmentation correlator at tree level, for the case u → π+, is

(3)!(0)(k,p) = −
2g2

qπ

(2π)4

(/k + m)

k2 − m2 γ5(/k − /P h + ms)γ5
(/k + m)

k2 − m2 2πδ
(
(k − Ph)

2 − m2
s

)

and, using the δ-function to perform the k+ integration,

(4)!(0)(z, kT ) =
2g2

qπ

32π3

(/k + m)(/k − /P h − ms)(/k + m)

(1 − z)P −
h (k2 − m2)2

,

where k2 is related to k2
T through the relation

(5)k2 = zk2
T /(1 − z) + m2

s /(1 − z) + M2
h/z,

which follows from the on-mass-shell condition of the spectator quark of mass ms . We take m to be the same for u and d quarks,
but different for s quarks. Isospin and charge-conjugation relations imply

(6)Du→π+
1 = Dd̄→π+

1 = Dd→π−
1 = Dū→π−

1 ,
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(a) (b) (c)

Fig. 2. Unpolarized fragmentation function zD1(z) vs. z for the fragmentation (a) u → π+, (b) u → K+ , (c) s̄ → K+ in the spectator model (solid line), with
parameters fixed from a fit to the parametrization of [29] (dashed line).

+ + + + H.c.

(a) (b) (c) (d)

Fig. 3. Single gluon-loop corrections to the fragmentation of a quark into a pion contributing to the Collins function in the eikonal approximation. “H.c.” stands for
the Hermitian conjugate diagrams which are not shown.

Q0 = 0.4 GeV2. The resulting values for the parameters are

(20)gqπ = 4.78, λ = 3.33 GeV, α = 0.5 (fixed), β = 0 (fixed),

which are common to both pion and kaon fragmentation functions. The only parameters that change according to the type of
fragmentation function are

(21)u → π+: ms = 0.792 GeV, m = 0.3 GeV (fixed),

(22)u → K+: ms = 1.12 GeV, m = 0.3 GeV (fixed),

(23)s̄ → K+: ms = 0.559 GeV, m = 0.5 GeV (fixed).

Obviously, also the mass of the hadron changes: we take mh = 0.135 GeV for the pions and mh = 0.494 GeV for the kaons. We
remark that it is not possible to estimate the errors in the parameters in a meaningful way because the fragmentation functions in
Ref. [29] have no error bands. It could be in principle possible to use the recent parametrizations with error bands [30], but the
lowest scale they reach is 1 GeV2, which we consider to be too high to compare to our model.

Fig. 2 show the plots of the unpolarized fragmentation function D1(z) multiplied by z for u → π+, u → K+, and s̄ → K+. The
parametrization of [29] (NLO set, Q0 = 0.4 GeV2) is also shown for comparison.

3. Model calculation of the Collins fragmentation function

We use the following definition of the Collins function [12]1

(24)
ϵ
ij
T kTj

Mh
H⊥

1
(
z, k2

T

)
= 1

2
Tr

[
&(z, kT )iσ i−γ5

]
.

As is well known [12], using the tree-level calculation of the correlator function is not sufficient to produce a non-vanishing Collins
function, due to the lack of imaginary parts in the scattering amplitude. In order to obtain the necessary imaginary part, we take
into account gluon loops. In fact, gluon exchange is essential to ensure color gauge invariance of the fragmentation functions.
Contributions come from the four diagrams in Fig. 3. Diagrams (a) and (b) represent the quark self-energy and vertex diagrams,
respectively. Diagrams (c) and (d) can be called hard-vertex and box diagrams, respectively. For the calculation of the diagrams

1 The factor 1/2 is due to a slightly different definition of the correlator in Eq. (2) with respect to Ref. [12].
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X
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4z!2""3 e
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) h"; Xj " !0"U$'0$;%1$; 0T(UT'0T;1T ;%1$(j0i
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!
!
!
!
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: (1)

Since the two quark fields  !0" and  !!" transform differ-
ently under color gauge transformations a gauge link is
included in order to ensure color gauge invariance of the
correlator. The notation U$'a$; b$; cT( indicates a gauge
link running along the plus direction from (0%, a$, cT) to
(0%, b$, cT), while UT'aT; bT ; c$( indicates a gauge link
running along the transverse direction from (0%, c$, aT) to
(0%, c$, bT). The specific path of the link connecting the
quark fields follows from the derivation of QCD factoriza-
tion. The definition written above applies to the correlation
function appearing in semi-inclusive DIS, while in e$e%

annihilation all occurrences of %1$ in the gauge links
should be replaced by 1$. However, in Ref. [27] it was
shown that by means of a certain contour deformation one
can derive factorization in such a way that both the frag-
mentation functions in semi-inclusive DIS and in e$e%

annihilation have future-pointing gauge links. This univer-
sality of fragmentation functions was also observed earlier
in the context of a specific model calculation [28].

It is convenient to evaluate the correlator in Eq. (1) in
Feynman gauge, which we shall utilize in the rest of the
article. In Feynman gauge one has only to consider those
pieces of the link that run along the light-cone while the
transverse gauge links UT give no contribution and can be
neglected [29,30].

The tree-level diagram describing the fragmentation of a
virtual (timelike) quark into a pion is depicted in Fig. 1. In
the models used here the final state j"Xi is described by
the detected pion and a (unobserved) quark. Once higher
order corrections are included the quark together with
additional pions and/or quark-antiquark pairs form the
unobserved state. In the first part of this work, the pion-
quark vertex is taken to be g#5$i, where $i are the gen-
erators of the SU(2) flavor group.1 We assume the coupling

to be pointlike. This assumption is of course not appropri-
ate at large transverse momenta of the pion. In fact, when
integrating the fragmentation functions over kT divergen-
ces occur. Therefore, we impose a cutoff on the virtuality
of the incoming quark, and study the dependence on the
cutoff in some detail. A different approach would be to
insert form factors. This could sensibly change the behav-
ior of the fragmentation functions compared to our results.

Before entering the details of the calculation it is worth-
while to add some comments on the general philosophy
underlying the model calculations. As a matter of princi-
ple, fragmentation functions cannot be computed by means
of perturbative QCD. They either have to be fitted to data
or computed in some effective approach to nonperturbative
QCD. It is well known that in the low energy domain of
QCD the Goldstone bosons, most notably the pions, play a
crucial role. Therefore, in the model calculation of frag-
mentation functions they are considered as (effective) de-
grees of freedom, which at low scales appear in addition to
the partonic degrees of freedom of QCD. This is, e.g., also
the underlying picture of the chiral quark model of
Manohar and Georgi [31] which we are going to use in
the next section. In such an approach there is of course
always a danger of double counting (for details on this
issue we refer here also to Ref. [31]). On the other hand,
one has to keep in mind that the gauge-link contribution to
the fragmentation functions cannot directly be modeled by
pion exchange, but rather the exchange of a spin-1 particle
is required. Moreover, as we discuss in more detail below,
pionic and gluonic contributions to the Collins function
tend to have opposite signs. Therefore, in the case of our
particular calculation of the Collins function we see no
direct indication of double counting.

A. Unpolarized fragmentation function

We briefly reproduce the results already obtained in
Ref. [19], but we present also a discussion of the parameter
dependence of our results. Here and in the next sections, all
results are for, e.g., the transition u! "0. An additional
isospin factor of 2 has to be included for, e.g., the transition
u! "$. The definition of the unpolarized fragmentation

k

p

FIG. 1 (color online). Tree-level cut diagram describing the
fragmentation of a quark into a pion. This diagram is common to
all models, but the specific form of the pion-quark vertex can
change.

1Note that in Ref. [19] the isospin structure was neglected,
since it was not relevant to the purpose of that paper. This leads
to different overall numerical factors in some of the final results.
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Fig. 2. Unpolarized fragmentation function zD1(z) vs. z for the fragmentation (a) u → π+, (b) u → K+ , (c) s̄ → K+ in the spectator model (solid line), with
parameters fixed from a fit to the parametrization of [29] (dashed line).

+ + + + H.c.

(a) (b) (c) (d)

Fig. 3. Single gluon-loop corrections to the fragmentation of a quark into a pion contributing to the Collins function in the eikonal approximation. “H.c.” stands for
the Hermitian conjugate diagrams which are not shown.

Q0 = 0.4 GeV2. The resulting values for the parameters are

(20)gqπ = 4.78, λ = 3.33 GeV, α = 0.5 (fixed), β = 0 (fixed),

which are common to both pion and kaon fragmentation functions. The only parameters that change according to the type of
fragmentation function are

(21)u → π+: ms = 0.792 GeV, m = 0.3 GeV (fixed),

(22)u → K+: ms = 1.12 GeV, m = 0.3 GeV (fixed),

(23)s̄ → K+: ms = 0.559 GeV, m = 0.5 GeV (fixed).

Obviously, also the mass of the hadron changes: we take mh = 0.135 GeV for the pions and mh = 0.494 GeV for the kaons. We
remark that it is not possible to estimate the errors in the parameters in a meaningful way because the fragmentation functions in
Ref. [29] have no error bands. It could be in principle possible to use the recent parametrizations with error bands [30], but the
lowest scale they reach is 1 GeV2, which we consider to be too high to compare to our model.

Fig. 2 show the plots of the unpolarized fragmentation function D1(z) multiplied by z for u → π+, u → K+, and s̄ → K+. The
parametrization of [29] (NLO set, Q0 = 0.4 GeV2) is also shown for comparison.

3. Model calculation of the Collins fragmentation function

We use the following definition of the Collins function [12]1

(24)
ϵ
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H⊥

1
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)
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2
Tr

[
&(z, kT )iσ i−γ5

]
.

As is well known [12], using the tree-level calculation of the correlator function is not sufficient to produce a non-vanishing Collins
function, due to the lack of imaginary parts in the scattering amplitude. In order to obtain the necessary imaginary part, we take
into account gluon loops. In fact, gluon exchange is essential to ensure color gauge invariance of the fragmentation functions.
Contributions come from the four diagrams in Fig. 3. Diagrams (a) and (b) represent the quark self-energy and vertex diagrams,
respectively. Diagrams (c) and (d) can be called hard-vertex and box diagrams, respectively. For the calculation of the diagrams

1 The factor 1/2 is due to a slightly different definition of the correlator in Eq. (2) with respect to Ref. [12].
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Since the two quark fields  !0" and  !!" transform differ-
ently under color gauge transformations a gauge link is
included in order to ensure color gauge invariance of the
correlator. The notation U$'a$; b$; cT( indicates a gauge
link running along the plus direction from (0%, a$, cT) to
(0%, b$, cT), while UT'aT; bT ; c$( indicates a gauge link
running along the transverse direction from (0%, c$, aT) to
(0%, c$, bT). The specific path of the link connecting the
quark fields follows from the derivation of QCD factoriza-
tion. The definition written above applies to the correlation
function appearing in semi-inclusive DIS, while in e$e%

annihilation all occurrences of %1$ in the gauge links
should be replaced by 1$. However, in Ref. [27] it was
shown that by means of a certain contour deformation one
can derive factorization in such a way that both the frag-
mentation functions in semi-inclusive DIS and in e$e%

annihilation have future-pointing gauge links. This univer-
sality of fragmentation functions was also observed earlier
in the context of a specific model calculation [28].

It is convenient to evaluate the correlator in Eq. (1) in
Feynman gauge, which we shall utilize in the rest of the
article. In Feynman gauge one has only to consider those
pieces of the link that run along the light-cone while the
transverse gauge links UT give no contribution and can be
neglected [29,30].

The tree-level diagram describing the fragmentation of a
virtual (timelike) quark into a pion is depicted in Fig. 1. In
the models used here the final state j"Xi is described by
the detected pion and a (unobserved) quark. Once higher
order corrections are included the quark together with
additional pions and/or quark-antiquark pairs form the
unobserved state. In the first part of this work, the pion-
quark vertex is taken to be g#5$i, where $i are the gen-
erators of the SU(2) flavor group.1 We assume the coupling

to be pointlike. This assumption is of course not appropri-
ate at large transverse momenta of the pion. In fact, when
integrating the fragmentation functions over kT divergen-
ces occur. Therefore, we impose a cutoff on the virtuality
of the incoming quark, and study the dependence on the
cutoff in some detail. A different approach would be to
insert form factors. This could sensibly change the behav-
ior of the fragmentation functions compared to our results.

Before entering the details of the calculation it is worth-
while to add some comments on the general philosophy
underlying the model calculations. As a matter of princi-
ple, fragmentation functions cannot be computed by means
of perturbative QCD. They either have to be fitted to data
or computed in some effective approach to nonperturbative
QCD. It is well known that in the low energy domain of
QCD the Goldstone bosons, most notably the pions, play a
crucial role. Therefore, in the model calculation of frag-
mentation functions they are considered as (effective) de-
grees of freedom, which at low scales appear in addition to
the partonic degrees of freedom of QCD. This is, e.g., also
the underlying picture of the chiral quark model of
Manohar and Georgi [31] which we are going to use in
the next section. In such an approach there is of course
always a danger of double counting (for details on this
issue we refer here also to Ref. [31]). On the other hand,
one has to keep in mind that the gauge-link contribution to
the fragmentation functions cannot directly be modeled by
pion exchange, but rather the exchange of a spin-1 particle
is required. Moreover, as we discuss in more detail below,
pionic and gluonic contributions to the Collins function
tend to have opposite signs. Therefore, in the case of our
particular calculation of the Collins function we see no
direct indication of double counting.

A. Unpolarized fragmentation function

We briefly reproduce the results already obtained in
Ref. [19], but we present also a discussion of the parameter
dependence of our results. Here and in the next sections, all
results are for, e.g., the transition u! "0. An additional
isospin factor of 2 has to be included for, e.g., the transition
u! "$. The definition of the unpolarized fragmentation

k

p

FIG. 1 (color online). Tree-level cut diagram describing the
fragmentation of a quark into a pion. This diagram is common to
all models, but the specific form of the pion-quark vertex can
change.

1Note that in Ref. [19] the isospin structure was neglected,
since it was not relevant to the purpose of that paper. This leads
to different overall numerical factors in some of the final results.
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(a) (b)

Fig. 4. Half moment of the Collins function for u → π+ in our model. (a) H
⊥(1/2)
1 at the model scale (solid line) and at a different scale under the assumption in

Eq. (37) (dot-dashed line), compared with the error band from the extraction of Ref. [6], (b) H
⊥(1/2)
1 /D1 at the model scale (solid line) and at two other scales

(dashed and dot-dashed lines) under the assumption in Eq. (38). The error band from the extraction of Ref. [7] is shown for comparison.

In Fig. 4(a), we have plotted the half moment of the Collins functions vs. z for the case u → π+. In the same panel, we plotted the
1−σ error band of the Collins function extracted in Ref. [6] from BELLE data, collected at a scale Q2 = (10.52)2 GeV2. In order to
achieve a reasonable agreement with the phenomenology, we choose a value of the strong coupling constant αs = 0.2. Such a value
is particularly small, especially when considering that our model has been tuned to fit the function D1 at a scale Q2

0 = 0.4 GeV2,
where standard NLO calculations give αs ≈ 0.57 [29,32]. In any case, the problem of the choice of αs is intimately related with the
problem of the evolution of the Collins function (see below).

In Fig. 4(b), we have plotted the ratio H
⊥(1/2)
1 /D1 and compared it to the error bands of the extraction in Ref. [7]. Also in this

case the agreement is good, with the above mentioned choice of αs = 0.2.
At this point, some comments are in order concerning the evolution of the Collins function (or of its half-moment) with the

energy scale. Such evolution is presently unknown, except for some work done in Ref. [33], which is however based on questionable
assumptions. Some authors (e.g., Refs. [6,7]) assume

(37)
H
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1

D1

∣∣∣∣
Q2

0

= H
⊥(1/2)
1

D1

∣∣∣∣
Q2

,

i.e., that the evolution of H
⊥(1/2)
1 is equal to that of D1. This seems unlikely, in view of the fact that the Collins function is chiral-odd

and thus evolves as a non-singlet. An alternative choice could be to assume

(38)H
⊥(1/2)
1

∣∣
Q2

0
= H

⊥(1/2)
1

∣∣
Q2,

i.e., that H
⊥(1/2)
1 does not evolve with the energy scale. This is an extreme hypothesis, which cannot be true because at some point

the positivity bound (35) would be violated at large z. We demonstrate this in Fig. 4(b) where we show how the ratio H
⊥(1/2)
1 /D1

behaves at three different energy scales if only D1 is evolved (we use the unpolarized fragmentation function of Ref. [29] for this
purpose). Clearly, in this case the ratio grows more steeply with z at higher energies, due to the decreasing of D1 in the large-z
region. While the evolution of the T-odd parton distribution and fragmentation functions remain an outstanding issue, these results
show that different assumptions on the Collins function scale dependence have a significant impact and should be considered with
care.

For the fragmentation u → K+ and s̄ → K+, the same analytic formulas are used but with the other sets of parameter values.
The results are shown in Figs. 5 and 6 for the u and s̄ quarks, respectively.

4. Asymmetries in e+e− annihilation

The BELLE Collaboration has reported measurements of various asymmetries in e+ + e− → π± + π± + X that can isolate the
Collins functions [4]. In particular, the number of pions in this case has an azimuthal dependence [34]
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