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• Scattering with a large momentum transfer

• Momentum scale of the hard probe 𝑄 ≫  1 𝑅 ~𝛬𝑄𝐶𝐷~1 fm

• Combined motion ~  1 𝑅 is too week to be sensitive to the hard 
probe

• Collinear factorization – integrated into PDFs

• Scattering with multiple momentum scales observed

• Two-scale observables (such as SIDIS, low 𝑝𝑇 Drell-Yan)           

𝑄 ≫ 𝑞𝑇~  1 𝑅 ~𝛬𝑄𝐶𝐷~1 fm

• “Hard” scale 𝑄 localizes the probe to see the quark or gluon d.o.f.

• “Soft” scale 𝑞𝑇 could be sensitive to the confined motion

• TMD factorization: the confined motion is encoded into TMDs

Confined parton motion in a hadron
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• Transverse Momentum Dependent parton distribution (TMDs)

• Sivers function: an asymmetric parton distribution in a transversely polarized nucleon (𝑘⊥

correlated with the spin of the nucleon)

• Boer-Mulders function: an asymmetric parton distribution in an unpolarised nucleon (𝑘⊥

correlated with the spin of the quark)

Structure of proton
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• We not only need to know that partons have longitudinal 
momentum, but must have transverse degrees of freedom as well 

• Partons in transverse coordinate space 

• Generalized parton distributions (GPDs)

• Partons in transverse momentum space 

• Transverse-momentum distributions (TMDs)

• Both? Wigner distributions! 

New ways to look at partons
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• Perturbative definition – in terms of TMD factorization:

• Low 𝑃ℎ𝑇 – TMD factorization:

𝜎 𝑄, 𝑃ℎ𝑇 , 𝑥, 𝑧 =  𝐻 𝑄 ⨂𝜙𝑓 𝑥, 𝑘⊥ ⨂𝐷𝑓→ℎ 𝑧, 𝑝⊥ ⨂𝑆 𝑘𝑠⊥ + ℴ
𝑃ℎ𝑇

𝑄
• High 𝑃ℎ𝑇 – Collinear factorization:

𝜎 𝑄, 𝑃ℎ𝑇 , 𝑥, 𝑧 =  𝐻 𝑄, 𝑃ℎ𝑇 , 𝛼𝑠 ⨂𝜙𝑓 𝑥 ⨂𝐷𝑓→ℎ 𝑧 + ℴ
1

𝑃ℎ𝑇
,
1

𝑄
• 𝑃ℎ𝑇 Integrated – Collinear factorization:

𝜎 𝑄, 𝑥, 𝑧 =  𝐻 𝑄, 𝛼𝑠 ⨂𝜙𝑓 𝑥 ⨂𝐷𝑓→ℎ 𝑧 + ℴ
1

𝑄

Factorization in QCD – SIDIS
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TMD Fragmentation

TMD Distribution

Soft Factor



• Inclusive processes → collinear factorisation: one or less hadrons 
detected

• “More inclusive” processes → TMD factorisation: two or more 
hadrons in the initial or final state detected

• Collinear factorisation: longitudinal momenta of the patrons are 
intrinsic, transverse momenta can be created by perturbative 
radiation effects (parton showers)

• TMD factorisation: a unifying QCD-based framework with both 
mechanisms of the transverse-momentum creation taken into 
account: intrinsic (essentially non-perturbative) and perturbative 
radiation

Transverse-Momentum Dependent PDFs
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• QCD evolution of TMDs in Fourier space (solution of equation)

• Polarized scattering data comes as ratio: e.g. 𝐴𝑈𝑇
sin 𝜙ℎ−𝜙𝑠 = 𝐹𝑈𝑇

sin 𝜙ℎ−𝜙𝑠 /𝐹𝑈𝑈

• Unpolarized data is very important to constrain/extract the key ingredient for 
the non-perturbative part

TMD evolution:

8

Evolution of 

longitudinal/ 

collinear part

Evolution of 

transverse 

part (Sudakov

form factor)

Non-perturbative part 

has to be fitted to 

experimental data 

The key ingredient is 

spin-independent
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𝐹 𝑥, 𝑏; 𝑄 ≈ 𝐶⨂𝐹 𝑥, 𝑐/𝑏∗ exp − 
𝑐/𝑏∗

𝑄𝑓 𝑑𝜇

𝑑
𝐴 ln

𝑄𝑓
2

𝜇2
+ 𝐵 × exp −𝑆non−pert 𝑏, 𝑄



SIDIS Experiment must:

• Have large acceptances on all the relevant variables 𝑥, 𝑄2, 𝑧, 𝑃ℎ𝑇 , 𝜙

• Use different targets (p, d, n) and identify hadrons to allow flavour
separation

• Be ad different energies for to cover PDFs from the valence region 
down to small-𝑥

• Large luminosity to allow multidimensional results needed by the 
complexity of TMDs 

• The polarized lepton-nucleon collider will be a mandatory tool to 
reach the level of ordinary PDF

SIDIS Experiments
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Kinematic coverage
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Kinematic coverage

COMPASS

HERMES

JLAB12
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Berger criterion (separation of CFR &TFR)

The typical hadronic correlation length in rapidity is
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Unpolarised Azimuthal Modulation
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The semi inclusive cross-section for ℓ𝑝 → ℓ′ℎ𝑋 is given by 𝑑𝜎ℓ𝑝→ℓ′ℎ𝑋 =

 𝑞 𝑓𝑞 𝑥, 𝑄2 ⊗ 𝑑𝜎ℓ𝑞→ℓ′𝑞 ⊗ 𝐷𝑞
ℎ 𝑧, 𝑄2 . The cross section for the partonic process

is simply given by 𝑑𝜎ℓ𝑞→ℓ′𝑞 =  𝑠2 +  𝑢2

In collinear PM 𝑑𝜎ℓ𝑞→ℓ′𝑞 =  𝑠2 +  𝑢2 = 𝑥 1 + 1 − 𝑦 2 , i.e. no 𝜙ℎ dependence. 

𝑠 ≔ ℓ + 𝑘 2~2ℓ ∙ 𝑘
𝑢 ≔ ℓ − 𝑘 2~ − 2ℓ ∙ 𝑘

𝑘 = 𝑥𝑃 + 𝑘⊥



Unpolarised Azimuthal Modulation
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𝑘⊥ has only components outside the lepton scattering plane:

Taking into account the parton transverse momentum in the kinematics leads 

to:

 𝑠 = 𝑠𝑥 1 −
2𝑘⊥

𝑄
1 − 𝑦 cos𝜙ℎ + ℴ

𝑘⊥
2

𝑄
 𝑢 = 𝑠𝑥 1 − 𝑦 1 −

2𝑘⊥

𝑄 1−𝑦
cos𝜙ℎ + ℴ

𝑘⊥
2

𝑄

Resulting in the cos𝜙ℎ and cos 2𝜙ℎ modulations observed in the azimuthal 

distributions 

𝑘⊥ ≅ 0, 𝑘⊥ cos𝜙 , 𝑘⊥ sin𝜙 , 0



Unpolarised Azimuthal Modulation
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The full cross section for the unpolarised case is written as:

𝑑𝜎

𝑑𝑥 𝑑𝑦 𝑑𝑧 𝑑𝑃ℎ𝑇
2 𝑑𝜙ℎ 𝑑𝜓

=
𝛼2

𝑥𝑦𝑄2

𝑦2

2 1 − 휀
1 +

𝛾2

2𝑥
𝐹𝑈𝑈,𝑇 + 휀𝐹𝑈𝑈,𝐿  1 + cos𝜙ℎ 2휀 1 + 휀 𝐴𝑈𝑈

cos 𝜙ℎ

Bacchetta, Diehl, Goeke, Metz, Mulders and Schlegel JHEP 

0702:093 (2007)

𝐴𝑈𝑈
𝑥 𝑥, 𝑧, 𝑑𝑃ℎ𝑇

2 , 𝑄2 =
𝐹𝑈𝑈

𝑥

𝐹𝑈𝑈,𝑇 + 휀𝐹𝑈𝑈,𝐿
휀 =

1 − 𝑦 −
1
4
𝑦2𝛾2

1 − 𝑦 +
1
2
𝑦2 +

1
4
𝑦2𝛾2

𝑎𝑛𝑑 𝛾 =
2𝑥𝑀

𝑄

𝐹𝑈𝑈 = 𝐶 𝑓1𝐷1 = 𝑥 𝑞 𝑒𝑞
2  𝑑  𝑝⊥𝑑𝑘⊥ 𝛿2 𝑧𝑘⊥ +  𝑝⊥ − 𝑃ℎ𝑇 𝑓1

𝑞
𝑥, 𝑘⊥, 𝑄

2 𝐷1,𝑞
ℎ 𝑧, 𝑝⊥, 𝑄

2 =



Unpolarised Azimuthal Modulation
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When looking at the content of the structure functions/modulations in terms of 

TMD PDFs for the cos𝜙ℎ and cos 2𝜙ℎ we can write:

In the cos 2𝜙ℎ Cahn effects enters only at twist4

𝐹𝑈𝑈
cos 𝜙ℎ = −

2𝑀

𝑄
𝐶

 ℎ ∙ 𝑘⊥

𝑀
𝑓1𝐷1 −

𝑝⊥𝑘⊥

𝑀

𝑃ℎ𝑇 − 𝑧  ℎ ∙ 𝑘⊥

𝑧𝑀ℎ𝑀
ℎ1
⊥𝐻1

⊥ + twists > 3

𝐹𝑈𝑈
cos 2𝜙ℎ = 𝐶

 ℎ ∙ 𝑘⊥
 ℎ ∙  𝑝⊥ −  𝑝⊥ ∙ 𝑘⊥

𝑀𝑀ℎ
ℎ1
⊥𝐻1

⊥ + twists > 3

𝐹Cahn
cos 2𝜙ℎ ≈

2

𝑄2
𝐶 2  ℎ ∙ 𝑘⊥

2
− 𝑘⊥

2 𝑓1𝐷1



• Azimuthal modulations in ℓ𝑝 → ℓ′ℎ𝑋 measured by

• EMC

• E665

• Large modulations up to 40% for cos𝜙, while cos 2𝜙~ 5%

Experimental status

EMC E665

Fits from M. Anselmino, V. Barone, E. Boglione,U. D’Alesio, F. Murgia, A. 

Prokudin, A. Kotzinian, and C. Turk
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Type equation here.



• Unpolarized hadron multiplicity distributions are the basic material 
for studying the mechanisms of 𝑃ℎ𝑇 generation and the 
applicability of TMD factorization.

• It is important to have differential distributions in kinematic 
variables 𝑥, 𝑄2, 𝑧 besides 𝑃ℎ𝑇

• Not only low 𝑃ℎ𝑇. Tails at 𝑃ℎ𝑇 > 1 GeV carries important
perturbative & non-perturbative information

Multiplicity distributions

C. Weiss
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• The cross-section dependence from 𝑝𝑇
ℎ results from:

• intrinsic 𝑘⊥ of the quarks

• 𝑝⊥ generated in the quark fragmentation 

• A Gaussian ansatz for 𝑘⊥ and 𝑝⊥ leads to

• 𝑃ℎ𝑇
2 = 𝑧2 𝑘⊥

2 + 𝑝⊥
2

• The azimuthal modulations in the unpolarized cross sections comes from:

• Intrinsic 𝑘⊥ of the quarks

• The Boer-Mulders PDF

• Difficult measurements were one has to correct for the apparatus acceptance

• COMPASS and HERMES have

• results on 6𝐿𝑖𝐷 ~𝑑 and 𝑑 and on p (Hermes only) 

• No COMPASS measurements on 𝑝 since on 𝑁𝐻3 ~𝑝 nuclear effects may be important

• ⇒COMPASS-II, measurements on LH2 in parallel with DVCS

Importance of unpolarized SIDIS 

LNF 1/12/2016 3D Parton Distributions 19



Importance of unpolarized SIDIS 

𝐹𝑈𝑈
ℎ 𝑥, 𝑧, 𝑃ℎ𝑇

2 ; 𝑄2

= 𝑥 

𝑞

𝑒𝑞
2  𝑑2𝑘⊥𝑑

2  𝑝⊥𝛿  𝑝⊥ − 𝑧𝑘⊥

𝑀ℎ 𝑥, 𝑧, 𝑃ℎ𝑇
2 ; 𝑄2 =

𝑑5𝜎ℎ/𝑑𝑥𝑑𝑄2𝑑𝑧𝑑2  𝑝𝑇

𝑑2𝜎𝐷𝐼𝑆/𝑑𝑥𝑑𝑄2
~

𝐹𝑈𝑈
ℎ 𝑥, 𝑧, 𝑃ℎ𝑇

2 ; 𝑄2

𝐹𝑈𝑈,𝑇 + 휀𝐹𝑈𝑈,𝐿
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Importance of unpolarized SIDIS 

LNF 1/12/2016 3D Parton Distributions 21



Mean values
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• Comparison to COMPASS data

TMD evolution: multiplicity distribution in SIDIS
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Echevarria, Idilbi, Kang, Vitev
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• Comparison with DY, W/Z 𝑃𝑇 distribution

TMD evolution works: Drell-Yan and W/Z production
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 Make predictions for future JLab
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experiments 
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• The asymmetries are:

• 𝐴𝑈 𝐿 ,𝑇
𝑤 𝜙ℎ,𝜙𝑆 𝑥, 𝑧, 𝑝𝑇; 𝑄

2 =
𝐹
𝑈 𝐿 ,𝑇

𝑤 𝜙ℎ,𝜙𝑆

𝐹𝑈𝑈,𝑇+𝜀𝐹𝑈𝑈,𝐿

• When we measure on 1D 

• 𝐴𝑈 𝐿 ,𝑇
𝑤 𝜙ℎ,𝜙𝑆 𝑥 =

 
𝑄𝑚𝑖𝑛
2

𝑄𝑚𝑎𝑥
2

𝑑𝑄2  𝑧𝑚𝑖𝑛

𝑧𝑚𝑎𝑥 𝑑𝑧  𝑝𝑇,𝑚𝑖𝑛

𝑝𝑇,𝑚𝑎𝑥 𝑑2  𝑝𝑇𝐹𝑈 𝐿 ,𝑇

𝑤 𝜙ℎ,𝜙𝑆

 
𝑄𝑚𝑖𝑛
2

𝑄𝑚𝑎𝑥
2

𝑑𝑄2  𝑧𝑚𝑖𝑛

𝑧𝑚𝑎𝑥 𝑑𝑧  𝑝𝑇,𝑚𝑖𝑛

𝑝𝑇,𝑚𝑎𝑥 𝑑2  𝑝𝑇 𝐹𝑈𝑈,𝑇+𝜀𝐹𝑈𝑈,𝐿

The asymmetries
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Boer-Mulders in cos 2𝜙

𝐹𝑈𝑈
cos 2𝜙

𝑥, 𝑧, 𝑃ℎ𝑇
2 ; 𝑄2

= −𝑥 

𝑞

𝑒𝑞
2  𝑑2𝑘⊥𝑑

2  𝑝⊥

2  ℎ ∙ 𝑘⊥
 ℎ ∙ 𝑘⊥ − 𝑘⊥ ∙  𝑝⊥

𝑀𝑚ℎ
ℎ1
⊥,𝑞

𝑥, 𝑘⊥
2 ; 𝑄2 𝐻1

⊥,𝑞→ℎ
𝑧, 𝑝⊥

2; 𝑄2
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Boer-Mulders in cos 2𝜙
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cos 𝜙 modulation
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• The study of TMDs has entered the phase of multidimensional analysis

• An important step in this direction is the large sample of precise unpolarised
data, both as multiplicities and as azimuthal modulations

• In the next years more of such data will be available both from COMPASS and 
from JLab12

• Waiting for the EIC to extend the accessible phase space, the description of such
data is a mandatory task for the theory of TMDs

Conclusions
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World Data on 𝑭𝟐
𝒑

World Data on 𝒈𝟏
𝒑

World Data on 𝒇𝟏
𝒑

HERMES

COMPASS

Far Future perspective
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Thank you
and see you all in Trieste for the 

EICUG meeting (July 18-22, 2017)



CEIC1 = Chinese version

of Electron-Ion Collider
(“A dilution-free mini-COMPASS”)

MEIC1 = EIC@Jlab

eRHIC = EIC@BNL

LHeC = ep/eA collider  

@ CERN

CEIC2

MEIC2

HL-eRHIC

FCC-he

}

The CM Energy vs Luminosity Landscape
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